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BOUNDED EQUIDISTRIBUTION OF SPECIAL SUBVARIETIES
IN MIXED SHIMURA VARIETIES
KE CHEN
ABSTRACT. In this paper, we study the equidistribution of certain families of special subvarieties in gen-
eral mixed Shimura varieties. We introduce the notion of bounded sequences of special subvarieties, and
we prove that the André-Oort conjecture holds for such sequences. The proof follows the equidistribution
approach used by Clozel, Ullmo, and Yafaev in the pure case. We then propose the notion of test invariant
of a special subvariety, which is adapted from the lower bound formula of degrees of special subvarieties
in the pure case studied by Ullmo and Yafaev, and we show that sequences of special subvarieties with
bounded test invariants are bounded, hence the André-Oort conjecture holds in this case.
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1. INTRODUCTION TO THE MAIN RESULTS
In this paper, we study the equidistribution of certain families of special subvarieties in a general
mixed Shimura variety, and the André-Oort conjecture for these varieties, as a generalization of some
results in [8] and in [29].
The theory of mixed Shimura varieties, including their canonical models and toroidal compactifica-
tions, is developed in [22]. They serve as moduli spaces of mixed Hodge structures, and often arise
as boundary components in the toroidal compactifications of pure Shimura varieties. Among mixed
Shimura varieties there are Kuga varieties, cf. [6], which are certain “universal” abelian schemes over
Shimura varieties, and in general, a mixed Shimura variety can be realized as a torus bundle over a Kuga
variety (namely a torsor whose structure group is a torus). Similar to the pure case, we have the notion
of special subvarieties in mixed Shimura varieties.
Y. André and F. Oort conjectured that the Zariski closure of a sequence of special subvarieties in
a given pure Shimura variety remains a finite union of special subvarieties, cf. [1] and [20]. R. Pink
has proposed a generalization of this conjecture for mixed Shimura varieties by combining it with the
Manin-Mumford conjecture and the Mordell-Lang conjecture for abelian varieties, a principal case of
which is the following
Conjecture 1.1 (André-Oort conjecture for mixed Shimura varieties, [23]). Let M be a mixed Shimura
variety, and let (Mn)n be a sequence of special subvarieties. Then the Zariski closure of
⋃
nMn is a
finite union of special subvarieties.
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Remarkable progress has been made for the André-Oort conjecture in the pure case, including the
ergodic-Galois approach, cf. [8], [14], [29], [32], the p-adic approach cf. [17], [31], and the model-
theoretic approach, cf. [21], [27]. For the case of mixed Shimura varieties, Pila’s work in [21] has
already included products of universal families of elliptic curves over modular curves as well as some
torus bundles on them, and Scanlon has also considered in [26] some cases in the universal families of
abelian varieties over the Siegel modular variety. Recently, Z. Gao has proved the conjecture for mixed
Shimura varieties fibred over Siegel modular varieties.
The strategy of Klingler-Ullmo-Yafaev is summarized in [32]. It assumes the GRH (Generalized
Riemann Hypothesis) for CM fields, and does not involve model-theoretic tools. The main ingredients
of the strategy in the pure case can be expressed as the following “ergodic-Galois alternative”:
• equidistribution of special subvarieties with bounded Galois orbits (using ergodic theory), cf.
[8] and [29];
• for a sequence of special subvarieties (Mn) of unbounded Galois orbits, one can construct a new
sequence of special subvarieties (M ′n) such that
⋃
nMn has the same Zariski closure as
⋃
nM
′
n,
and that dimMn < dimM ′n for n large enough.
Note that both ingredients involve estimations that rely on the GRH for CM fields.
In this paper, we study the equidistribution part of the ergodic-Galois alternative for mixed Shimura
varieties. Our main result is the following:
Theorem 1.2. Let M be a mixed Shimura variety of the form MK(P, Y ) with (P, Y ) = W ⋊ (P, Y )
and K = KW ⋊KG a compact open subgroup of P(Qˆ), and let π : M → S = MKG(G,X) be the
fibration over the pure Shimura variety S. Let Mn be a sequence of special subvarieties in M . Write E
for the field of definition of M . Assume that the test invariants of (Mn) are bounded, i.e.
τM (Mn) ≤ C, ∀n
for some constant C ∈ R>0. Then the Zariski closure of
⋃
nMn is a finite union of special subvarieties.
Here the notion of test invariants is an analogue of the degree of Galois orbits against the automorphic
line bundle in the pure case. The main theorem is deduced from a theorem of bounded equidistribution
in certain spaces associated to mixed Shimura varieties, cf.4.3, 4.5, 4.6 and a characterization of special
subvarieties with bounded Galois orbits using test invariants, cf. 6.3, 6.5.
We briefly explain the main idea of the paper. A mixed Shimura datum in the sense of [22] is of the
form (P,U, Y )with P a connected linearQ-group, with a Levi decomposition P = W⋊G, U a normal
unipotent Q-subgroup of P central in W, and Y a complex manifold homogeneous under U(C)P(R)
subject to some algebraic constraints. The notion of special subvarieties in mixed Shimura varieties is
defined in a similar way as in the pure case. We often express it as an extension (P, Y ) = W⋊ (G,X)
with (G,X) some pure Shimura datum, and W the unipotent radical of P, in which U is central. When
U is trivial, we get Kuga data and Kuga varieties, cf. [6].
Parallel to the pure case studied in [8] and [29], we first consider the André-Oort conjecture for
sequences of (T, w)-special subvarieties in a mixed Shimura variety M defined by (P, Y ) = W ⋊
(G,X). Here T is a Q-torus in G and w an element of W(Q). Using the language of [6] 2.10 etc, in
a Kuga variety M = ΓV ⋊ ΓG\Y + defined by (P, Y ) = V ⋊ (G,X), (T, w)-special subvarieties are
defined by subdata of the form V′ ⋊ (wG′w−1, wX ′), and they are obtained from diagrams of the form
M ′
⊂
// MS′
⊂
//
pi

M
pi

S′
⊂
// S
where
• S = ΓG\X
+ is a pure Shimura variety and π : M → S is an abelian S-scheme defined by the
natural projection (P, Y )→ (G,X);
• S′ is a (pure) special subvariety of S defined by (G′,X ′) with T equal to the connected center
of G′,
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• MS′ is the abelian S′-scheme pulled-back from M → S, and V′ is a subrepresentation in V of
G′, corresponding to an abelian subscheme A′ of MS′ → S′;
• M ′ is a translation of A′ by a torsion section of MS′ → S′ given by w.
In particular, this notion is more restrictive than T-special subvarieties studied in [6] as we specify w.
The case in general mixed Shimura varieties is similar. We show that certain spaces of probability
measures onM associated to (T, w)-special subvarieties are compact for the weak topology, from which
we deduce the equidistribution of the supports of such measures, as well as the André-Oort conjecture
for such sequences of (T, w)-special subvarieties.
We formulate the notion of B-bounded sequences of special subvarieties, which means special sub-
varieties that are (T, w)-special with (T, w) coming from some prescribed finite set B of pairs (T, w)
as above. The main result of [29] shows that in the pure case a sequence with bounded Galois orbits is
B-bounded for some B, where sequences with bounded Galois orbits are sequences of special subvari-
eties whose Galois orbits are of bounded degree against the automorphic line bundle. In the mixed case,
we propose the notion of test invariants for special subvarieties, and we prove a similar characterization
of bounded sequences using test invariants.
The paper is organized as follows:
In Section 1, we recall the basic notions of mixed Shimura data, their subdata, mixed Shimura vari-
eties, their special subvarieties, as well as their connected components. We emphasize the fibration of
a mixed Shimura variety over a pure Shimura variety, whose fibers are torus bundles over abelian vari-
eties. We also include some results about irreducible subdata and a few reductions for the André-Oort
conjecture.
Section 2 and 3 are concerned with ergodic-theoretic results in the equidistribution of special sub-
varieties. In Section 2, we introduce some measure-theoretic objects, such as lattice (sub)spaces, S-
(sub)spaces, and canonical probability measures associated to special subvarieties in mixed Shimura
varieties. The lattice (sub)spaces are similar to the cases treated in [8] and [6]. For a Kuga variety, the
associated S-space is the variety itself; for a general mixed Shimura variety, the S-space is a subspace of
the variety, which is a torsor over the corresponding Kuga variety by some compact tori. In particular,
they support canonically defined probability measures and they are Zariski dense in the ambient mixed
Shimura varieties. We also introduce the notion of a B-bounded sequence of special subvarieties, where
B is a finite set of pairs of the form (T, w) as is explained above.
In Section 3, we prove the equidistribution of bounded sequences of special lattice subspaces and
special S-spaces. The proof is reduced to the case when the bound B consists of a single element (T, w),
and the arguments are completely parallel to the pure T-special case in [8] and [29]. The equidistribution
of B-bounded S-subspaces implies the André-Oort conjecture for a B-bounded sequence of special
subvarieties in a mixed Shimura variety.
In the remaining sections we investigate the relation between bounded sequences and lower bounds
of degrees of Galois orbits. In Section 4, we give a lower bound of the degrees of Galois orbits of a pure
special subvariety M ′ in a given mixed Shimura variety M against the pull-back of the automorphic line
bundle. The estimation is essentially reduced to the case studied in [29]. If the pure special subvariety
under consideration is (T, w)-special, then the lower bound relies on the GRH for the splitting field FT
of T, and it involves the discriminant of FT and the position of w relative to the level structure of the
ambient mixed Shimura variety. We show that the study of the André-Oort conjecture can be reduced
to ambient mixed Shimura data that are embedded in a “good product”, in which the splitting fields FT
of irreducible (T, w)-special subdata are CM fields. In this latter setting we estimate the contribution of
unipotent translation in the lower bound.
In Section 5, we consider a general special subvariety which is not pure. We did not prove an explicit
lower bound formula in this case, instead we introduce the notion of test invariant as a substitute, and we
show that a sequence with bounded test invariants is B-bounded for some finite B. We also show that
in this case the Galois orbits are essentially minorated by the test invariants. The results in this section
are formulated for ambient mixed Shimura embedded in “good products” as in Section 4.
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NOTATIONS AND CONVENTIONS
Over a base ring k, a linear k-group H is a smooth affine algebraic k-group scheme, and TH is the
connected center of H, namely the neutral component of the center of H. For V a free k-module of
finite type, we have the general linear k-group GLV, and we also view V as a vectorial k-group, i.e.
isomorphic to Gra with r the rank of V.
We write S for the Deligne torus ResC/RGmC. The ring of finite adeles is denoted by Qˆ. i is a fixed
square root of -1 in C.
For a real or complex analytic space (not necessarily smooth), its analytic topology is the one locally
deduced from the archimedean metric on Rn or Cm.
A linear Q-group is compact if its set of R-points form a compact Lie group. For P a linear Q-group
with maximal reductive quotient P։G, we write P(R)+ resp. P(R)+ for the preimage of G(R)+ resp.
of G(R)+, in the sense of [9]. P(R)+ is just the neutral component of the Lie group P(R) because the
fiber W(R) of the projection P(R)→ G(R), namely the unipotent radical of P(R), is a connected Lie
group.
For H a linear Q-group and L a number field, we write HL for the Q-group ResL/QHL.
For H a linear Q-group, we write X(H) for the set of R-group homomorphisms S → HR, and
Y(H) for the set of C-group homomorphisms SC → HC. We have the natural action of H(R) on
X(H) by conjugation, and similarly the action of H(C) on Y(H). In particular, we have an inclusion
X(H) →֒ Y(H), equivariant with respect to the inclusion H(R) →֒ H(C).
2. PRELIMINARIES ON MIXED SHIMURA VARIETIES
We start with the definition of mixed Shimura data, which is “essentially” the same as [22]2.1, cf.
[6]2.1 :
Definition 2.1 (mixed Shimura data). (1) A mixed Shimura datum is a triple (P,U, Y ) consisting of
• a connected linear Q-group P, with a Levi decomposition P = W⋊G;
• a unipotent normal Q-subgroup U (necessarily contained in W);
• a P(R)U(C)-orbit Y ⊂ Y(P);
such that by putting πU : P→ P/U and πW : P→ P/W = G for the quotient maps, the following
properties hold for any y ∈ Y :
(i) the composition πU ◦ y : SC → PC → (P/U)C is defined over R;
(ii) the composition πW ◦ y ◦ w : GmR →֒ S → GR is a central cocharacter of GR, where
w : GmR → S is induced by R× →֒ C×;
(iii) the composition AdP ◦ y : SC → PC → GLp,C induces on p = LieP a rational mixed Hodge
structure of type {(−1,−1), (−1, 0), (0,−1), (−1, 1), (0, 0), (1,−1)}, with rational weight fil-
tration W−2 = LieU, W−1 = LieW, and W0 = LieP;
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(iv) the conjugation by y(i) induces on GadR a Cartan involution, and Gad admits no compact Q-
factors;
(v) it is also required that the center of G acts on W through some Q-torus isogeneous to the
product of a compact Q-torus with a split Q-torus.
Y is actually a complex manifold on which P(R)U(C) acts transitively preserving the complex
structure.
(2) A pure Shimura datum (in the sense of Deligne [9]) is the same as a mixed Shimura datum (G,X)
where the unipotent radical W is trivial. A Kuga datum (cf.[6]) is just a mixed Shimura datum (P, Y )
with U = 1.
(3) For S a subset of Y , the Mumford-Tate group of S, written as MT(S), is the smallest Q-subgroup
P′ of P such that y(SC) ⊂ P′C for all y ∈ S. A mixed Shimura datum (P,U, Y ) is irreducible if P
equals MT(Y ).
Remark 2.2 (Deligne vs. Pink). In the original definition [22]2.1, the space Y is not a subset of
Y(P); Pink uses a complex manifold Y homogeneous under the Lie group P(R)U(C), together with
a P(R)U(C)-equivariant map h : Y → Y(P) of finite fibers, such that the Hodge-theoretic conditions
(i)-(iv) in 2.1 hold for points in h(Y ). One can show, cf. [22]2.12, that the connected components of
the space Y in the sense of Pink are the same as the connected components of the space Y in the sense
of 2.1. The main results of this paper focus on connected mixed Shimura varieties, and we prefer to use
the simpler definition given above.
Definition 2.3 (morphisms of mixed Shimura data). A morphism between mixed Shimura data is of the
form (f, f∗) : (P,U, Y ) → (P′,U′, Y ′) where f : P → P′ is a Q-group homomorphism sending U
into U′, and the push-forward f∗ : Y(P)→ Y(P′), h 7→ f ◦h sends Y into Y ′, such that f∗ : Y → Y ′
is equivariant with respect to f : P(R)U(C) → P′(R)U′(C); one can show that f∗ : Y → Y ′ is a
smooth map between complex manifolds, cf.[22]2.3 and 2.4. We further single out the following cases:
(1) (P,U, Y ) is said to be a mixed Shimura subdatum of (P′,U′, Y ′) if f and f∗ are both injective.
(2) For N ⊂ P a normal Q-subgroup, the quotient of (P,U, Y ) by N is the mixed Shimura da-
tum (P′,U′, Y ′) where P′ is the quotient Q-group P/N, U′ is the image of U in P′, and Y ′ is the
P′(R)U′(C)-orbit of the composition πN ◦ y : SC → PC → P′C for any y ∈ Y , where πN : P→ P′ =
P/N is the natural projection, cf.[22, 2.9]. We thus write (P′,U′, Y ′) = (P/N,U/(U ∩N), Y/N)
with Y/N := Y ′.
It should be mentioned that in the quotient construction the map Y → Y ′ is not surjective in general.
For example, if (G,X) is a pure Shimura datum and Z is the center of G, then the quotient (Gad,Xad)
of (G,X) by Z is a pure Shimura datum. The connected components of Xad and X are all isomorphic
to the Hermitian symmetric domain defined by the connected Lie group Gad(R)+ as the center of
G(R)+ acts on the domain trivially. However more connected components could appear in Xad than
in X, simply because Gad(R) could have more connected components. This can be also seen from the
exactness of 1→ Z(R)→ G(R)→ Gad(R) where the last arrow is not surjective in general, which is
deduced from the exact sequence of linear Q-groups 1→ Z→ G→ Gad → 1 with Z the center of G.
When N is unipotent, the map Y → Y/N is surjective, whose fibers are isomorphic to N(R)UN(C)
with UN = U∩N, and in this case we often use the more precise notation Y/N(R)UN(C) in place of
the vague expression Y/N, cf.[22] 2.18.
In particular, taking N = U and W successively, we see that a mixed Shimura datum fits into a
sequence
(P,U, Y )→ (P/U, Y/U(C)) → (P/W, Y/W(R)U(C))
where (P/U, Y/U(C)) is a Kuga datum and (P/W, Y/W(R)U(C)) is a pure Shimura datum.
(3) As a natural combination of (1) and (2), when a morphism between mixed Shimura data (f, f∗) :
(P,U, Y ) → (P′,U′, Y ′) is given, its image is the triple (f(P), f(U), f∗(Y )). One verifies directly
from the definition that the image is a subdatum of (P′,U′, Y ′) and equals the quotient of (P,U, Y ) by
N := Ker(f : P→ P′).
(4) A pure section of (P,U, Y ) associated to the Levi decomposition P = W⋊G is a pure Shimura
datum (G,X) which is a subdatum of (P,U, Y ) such that theQ-group homomorphism G →֒ P is given
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by the Levi decomposition and the composition (G,X) →֒ (P,U, Y ) → (P/W, Y/W(R)U(C)) is
an isomorphism.
(5) For (Pi,Uu, Yi) two mixed Shimura data (i = 1, 2), we have the product (P1×P2,U1×U2, Y1×
Y2) which is a mixed Shimura datum in an evident way, cf.[22]2.5.
Proposition 2.4 (unipotent radical and Levi decomposition). Let (P,U, Y ) be a mixed Shimura datum,
with P = W ⋊G a Levi decomposition. Write V = W/U. Then:
(1) U and V are commutative, and W is a central extension of V by U i.e. 1→ U→W→ V→ 1.
Writing the group laws on U and on V additively and fixing an isomorphism ofQ-schemes W ∼= U×V,
the group law on W writes as
(u, v) · (u′, v′) = (u+ u′ +
1
2
ψ(v, v′), v + v′)
where the commutator map W ×W → W has image in U and factors through a unique alternating
bilinear map ψ : V ×V→ U.
(2) For any y ∈ Y , the action of SC on LiePC induces on U resp. on V (both viewed as finite-
dimensional Q-vector spaces) a Hodge structure of type (−1,−1) resp. of type {(−1, 0), (0,−1)}.
(3) For any y ∈ Y , write x : SC → GC for the composition πW ◦ y. Then x is defined over
R and x ∈ Y . Outting X = G(R)x the orbit of x in Y under G(R) we obtain a pure Shimura
subdatum (G,X) of (P,U, Y ), and the composition of the inclusion with the reduction modulo W is
an isomorphism: (G,X) →֒ (P,U, Y )։(P/W, Y/W). Moreover the Hodge types of ρU ◦ x resp.
of ρV ◦ x (−1,−1) resp. {(−1, 0), (0,−1)}, where ρU resp. ρV are the action of G on U resp. on
W/U = V by conjugation, and ψ : V × V → U is G-equivariant. The representation ρU factors
through a split Q-torus.
In particular, (P,U, Y ) = W⋊ (G,X) is a split unipotent extension in the sense of [22] 2.21.
(4) Pder equals W ⋊Gder and it admits no non-trivial compact quotient Q-groups.
Proof. (1) and (2) are found in [22] 2.15, 2.16.
(3) Since πU ◦y is already defined over R, the homomorphism πU ◦y : S→ (V⋊G)R, whose image
is an R-torus, factors through some Levi R-subgroup of the form vGRv−1 for some v ∈ V(R). Thus
πU◦y : SC → PC/UC factors through vGCv−1. The pre-image of vGCv−1 in PC is UC⋊(wGCw−1)
for some w ∈ W(C) lifting v. In UC ⋊ wGCw−1 the maximal reductive C-subgroups are Levi C-
subgroups of the form w′GCw′−1 with w′ ∈ U(C)w ⊂ U(C)W(R). In particular, conjugate y by
w′ we get x ∈ Y such that x(SC) ⊂ GC ⊂ PC. Since the composition G →֒ P։G is the identity,
we factorize x : SC → PC into the composition SC → PC։GC →֒ PC. The composition πW ◦ x :
SC → PC։GC is defined over R, and the projection PC → GC is defined over R as P→ G is already
defined over Q. Hence x is defined over R.
Since x ∈ Y , and LieG = LieP/LieW, we see that the Hodge structure given by x : S → GR on
LieG is of type {(−1, 1), (0, 0), (1,−1)}, and the conjugation by x(i) induces a Cartan involution on
GadR . The G(R)-orbit X of x inside Y ⊂ Y(P) clearly lies in Y(G) (and actually lies in the real part
X(G)), hence the pair (G,X) is a pure Shimura datum, and the inclusion (G,X) →֒ (P,U, Y ) makes
it a pure Shimura subdatum.
The claims on Hodge types and the pairing ψ are immediate from (1) and (2). The claim on the
action of G on U is clear because P acts on U through a split Q-torus by [22] 2.14 and G acts through
G →֒ P.
(4) From [22] 2.10 we know that Pder contains W. It clearly contains Gder, hence Pder ⊃W⋊Gder.
The quotient P/(W ⋊Gder) is already commutative, which gives the inclusion Pder ⊂ W ⋊Gder in
the other direction. From 2.1 (iv) we know that Pder admits no compact quotient Q-groups other than
the trivial one. 
Notation 2.5 (group law). Aside from the group law (u, v) · (u′, v′) = (u+ u′ + 12ψ(v, v′), v + v′) and
the evident equality (u, v)n = (nu, nv), the following identities will be useful for elements (u, v, g) in
P ∼= U×V ×G, in which the neutral element is (0, 0, 1):
• multiplication (u, v, g)(u′ , v′, g′) = (u+ g(u′) + ψ(v, g(v′)), v + g(v′), gg′);
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• inverse (u, v, g)−1 = (−g−1(u),−g−1(v), g−1), namely (w, g)−1 = (g−1(w−1), g−1) for w =
(u, v)
• and the commutator between W and G is
(u, v, 1)(0, 0, g)(−u,−v, 1)(0, 0, g−1) = (u− g(u), v − g(v), 1)
where we write g(u) = gug−1 = ρU(g)(u) and similarly for g(v), g(w).
We thus prefer treating a general mixed Shimura datum as a split unipotent extension of a pure
Shimura datum by two unipotent Q-groups subject to certain conditions, and we often reformulate this
as the following:
Definition-Proposition 2.6 (fibred mixed Shimura data). (1) Let (G,X) be a pure Shimura datum, and
let ρU : G → GLU and ρV : G → GLV be two finite-dimensional algebraic representation, together
with an alternating G-equivariant bilinear map ψ : V ×V → U, giving rise to a central extension of
unipotent Q-groups 1→ U→W → V → 1. Assume that
• for any x ∈ X, the composition ρU ◦ x is a rational Hodge structure of type (−1,−1), and
ρV ◦ x is a rational Hodge structure of type {(−1, 0), (0,−1)};
• the connected center of G acts on U and on V through Q-tori subject to the condition (iv) in
2.1.
Then by putting P = W ⋊ G and Y the P(R)U(C)-orbit of any x : S → GR → PR, the triple
(P,U, Y ) thus obtained is a mixed Shimura datum. The canonical projection (P,U, Y ) → (G,X)
is the quotient by W, and (G,X) is naturally a pure section by the evident inclusions G →֒ P and
X →֒ Y . In particular, Y can be viewed as a holomorphic vector bundle over X, whose fibers are
isomorphic to the Lie algebra of W(R)U(C).
We call (P,U, Y ) the mixed Shimura datum fibred over (G,X) by the representations ρU and ρV
and the alternating map ψ. We write (P,U, Y ) = W ⋊ (G,X) = (U,V) ⋊ (G,X) and Y =
W(R)U(C) ⋊X to emphasize that the role of the Levi decomposition.
(2) A morphism between fibred mixed Shimura data is a commutative diagram of the form
(P,U, Y )
piW

(f,f∗)
// (P′,U′, Y ′)
pi
W′

(G,X)
(f,f∗)
// (G′,X ′)
where the vertical arrows are reductions modulo the unipotent radicals, inducing the bottom horizontal
morphism of pure Shimura data from the upper one. Note that the commutative diagram give rise to
homomorphisms α : V → V′, β : U→ U′ and W→W′ with β(ψ(v, v′)) = ψ′(α(v), α(v′)).
Identify (G,X) resp. (G′,X ′) as a pure subdatum of (P,U, Y ) resp. of (P′,U′, Y ′) via split
unipotent extension as in (1). If the morphism (f, f∗) : (P,U, Y ) → (P′,U′, Y ′) sends the pure
subdatum (G,X) into (G′,X ′), then the morphisms α and β are equivariant with respect to f : G →
G′, and P→ P′ can be recovered as (u, v, g) 7→ (β(u), α(v), f(g)) when we use the isomorphisms of
Q-schemes P = U×V ×G and P′ = U′ ×V′ ×G′.
Conversely, assume that fibred mixed Shimura data (P,U, Y ) = (U,V)⋊(G,X) and (P′,U′, Y ′) =
(U′,V′) ⋊ (G′,X ′) are given. If (f, f∗) : (G,X) → (G′,X ′) is a morphism of pure Shimura
data, together with f -equivariant homomorphisms α : V → V′ β : U → U′ and β(ψ(v, v′)) =
ψ′(α(v), α(v′)). Then (f, f∗) : (G,X) → (G′,X ′) extends to a morphism of mixed Shimura data
(f, f∗) : (P,U, Y )→ (P
′,U′, Y ′), with theQ-group homomorphism being (u, v, g) 7→ (β(u), α(v), f(g))
under the isomorphism of Q-schemes P ∼= U×V ×G and P′ = U′ ×V′ ×G′.
Proof. (1) is clear from 2.4 and [22] 2.16, 2.17, 2.21. See [22] 2.18 and 2.19 for the proof for Y being a
holomorphic vector bundle over X.
(2) When (f, f∗) : (P,U, Y ) → (P′,U′, Y ′) is a morphism of mixed Shimura data, the Lie algebra
map Lief : LieP → LieP′ respects the rational weight filtration and the central extension structures
on the unipotent radicals. Hence f(U) ⊂ U′, f(W) ⊂ W′, with β(ψ(v, v′)) = ψ′(α(v), α(v′)) for
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v, v′ ∈ V, where α and β are induced by f . Reduce modulo the unipotent radicals of (f, f∗) gives
(G,X)→ (G′,X ′) together with a commutative diagram of the mentioned form.
If moreover (f, f∗) : (P,U, Y )→ (P′,U′, Y ′) sends (G,X) into (G′,X ′), then the homomorphism
f : P → P′ sends the Levi Q-subgroup G into G′. The homomorphisms between normal unipotent
Q-groups U → U′ and W → W′ are equivariant with respect to P → P′, hence we get α : V → V′
and β : U → U′ equivariant with respect to f : G → G′. The recovery of f : P → P′ by α, β and
f : G→ G′ is immediate.
Conversely, if we are given fibred mixed Shimura data (P,U, Y ) = (U,V)⋊(G,X) and (P′,U′, Y ′) =
(U′,V′) ⋊ (G′,X ′), a Q-group homomorphism f : G → G′ with f -equivariant maps α and β nat-
urally gives rise to a unique Q-group homomorphism f : P → P′ subject to the formula (u, v, g) 7→
(β(u), α(v), f(g)), and f∗ : Y(P)→ Y(P′) sends Y the P(R)U(C)-orbit ofX into Y ′ the P′(R)U′(C)-
orbit of X ′. It is easy to verify that for any y ∈ Y , the mixed Hodge structure on LieP satisfies the
constraints in 2.1 and that (f, f∗) : (P,U, Y ) → (P′,U′, Y ′) is a morphism of mixed Shimura data,
using the Hodge type conditions on U, V and U′, V′ given in (1). 
In particular we have the following corollaries on pure sections and subdata:
Corollary 2.7 (pure section). If (P,U, Y ) = W ⋊ (G,X) is a fibred mixed Shimura datum, then the
pure sections of (P,U, Y )։(G,X) are exactly subdata of the form (wGw−1, wX) with w running
through W(Q), and they are the same as maximal pure subdata of (P,U, Y ).
Proof. It is clear that each (wGw−1, wX) is a pure section for any given w ∈ W(Q). Conversely, if
(G′,X ′) is a pure section in the sense of 2.3(3), then G′ = wGw−1 is conjugate to G by some w ∈
W(Q), hence (w−1G′w,w−1X ′) = (G, w−1X ′) is a pure subdatum of (P,U, Y ). Since P = W⋊G,
the composition of the evident maps between Y(G)→ Y(P)→ Y(G) induced by G →֒ P։G is the
identity. Apply the composition to the subset w−1X ′ ⊂ X(G) ⊂ Y(G), we see that its image in Y(G)
must be X because (G, w−1X ′) is a pure section, hence w−1X ′ = X.
The maximality is clear because maximal reductive Q-subgroups of P are exactly the Levi Q-
subgroups, hence conjugate to G by W(Q). 
Corollary 2.8 (structure of subdata). Let (P,U, Y ) be a mixed Shimura datum fibred as (U,V) ⋊
(G,X), and let (P′,U′, Y ′) be a mixed Shimura subdatum. Then there exists a pure Shimura subdatum
(G′,X ′) of (G,X), an element w ∈ W(Q), and a unipotent Q-subgroup W′ of W, such that P′ =
W′ ⋊ wG′w−1 and (P′,U′, Y ′) ∼= (U′,V′) ⋊ (wG′w−1, wX ′) as a fibred mixed Shimura datum.
Here V′ = W′/U′ resp. U′ = U ∩W′ is a Q-subspace of V resp. of U stabilized under wG′w−1,
and V ×V → U restricts to V′ ×V′ → U′ and is equivariant under wG′w−1. The pure subdatum
(wG′w−1, wX ′) in (P,U, Y ) is a pure section of (P′,U′, Y ′).
Proof. The idea is the same as [6] 2.10. Let (P0, Y0) be a maximal pure Shimura subdatum of (P′,U′, Y ′),
then its image (G′,X ′) in (G,X) is a pure Shimura subdatum. Note that (P′,U′, Y ′) is a subdatum of
W ⋊ (G′,X ′) containing a maximal pure subdatum (P0, Y0) = (wG′w−1, w′) for some w ∈ W(Q).
We are thus reduced to the case when (G′,X ′) = (G,X).
In this case (P0, Y0) = (wGw−1, wX), and the unipotent radical W′ of P′ is naturally aQ-subgroup
of W stabilized by wGw−1-conjugation. Using (wGw−1, wX) as a pure section corresponding to the
Levi decomposition P′ = W′⋊ (wGw−1), we see that the intersection U′ := U∩W′ is the weight -2
part due to the rational weight filtration given by any y ∈ wX, and V′ = W′/U′ equals the image of
W′ in V, which is clearly stable under wGw−1. The bilinear map ψ : V ×V → U clearly restricts to
ψ′ : V′×V′ → U′ and is wGw−1-equivariant, as immediate consequences of the Lie bracket structure
on LieW′ and the Hodge types. 
The following lemma is the mixed analogue of [29] Lemma 3.7.
Lemma 2.9 (common Mumford-Tate group). . Let (P, Y ) = W⋊ (G,X) be a mixed Shimura datum.
If P′ ⊂ P is a Q-subgroup coming from some subdatum (P′, Y ′), then there are only finitely many
subdata of the form (P′, Y ′′) in (P, Y ).
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Proof. When (P,U, Y ) is pure, this is proved in [29] Lemma 3.7. For a general Q-subgroup P′, if
there exists a subdatum of the form (P′,U′, Y ′), then U′ = U ∩ P′ and the unipotent radical W′ =
W ∩ P′ in P′ are independent of Y ′ by the constraints of Hodge types. Choose a Levi decomposition
P′ = W′⋊wG′w−1, we have (P′,U′, Y ′) = W′⋊(wG′w−1, wX ′) for some pure Shimura subdatum
(wG′w−1, wX ′) ⊂ (wGw−1, wX), namely the (P′,U′, Y ′) is constructed out of (wG′w−1, wX ′) by
some unipotent Q-subgroup W′. There are at most finitely many pure Shimura subdatum of the form
(wG′w−1, wX ′) in (wGw−1, wX), hence the finiteness of mixed Shimura subdata associated to P′
follows. 
We also include the following result that allow us to generate subdata by “taking orbits”:
Lemma 2.10 (generating subdata). Let (P,U, Y ) = W ⋊ (G,X) be a mixed Shimura datum. Let P′
be a Q-subgroup of P admitting no compact semi-simple quotient Q-group, and P′C ⊃ y(SC) for some
y ∈ Y . Then
(1) P′ = W′⋊wG′w−1 for some reductiveQ-subgroup G′ of G and somew ∈W(Q) and unipotent
Q-subgroup W′ ⊂W.
(2) if moreover the connected center of wG′w−1 acts on W′ through aQ-torus subject to 2.1(v), then
the triple (P′,U′, Y ′) with U′ = U ∩W′ and Y ′ = P′(R)U′(C)y is a mixed Shimura subdatum of
(P,U, Y ).
(3) In particular, if P′ = MT(Y +) is the generic Mumford-Tate group of a connected component of
Y , then (1) and (2) holds for P′, with P′der = Pder.
Proof. (1) The image of P′ along π = πW : P→ G is a Q-subgroup G′ of G such that G′C ⊃ x(SC)
for x = π∗y. Since x is already defined over R by 2.1(i), we have x(S) ⊂ G′R ⊂ GR. Since the
centralizer of x(S) in GR is compact, by [11] Lemma 5.1 we see that G′ is reductive. The kernel
W′ := Ker(P′ → G′) is contained in W, hence unipotent. Thus P′ admits a Levi decomposition
of the form W′ ⋊H′, where H′ is a maximal reductive Q-subgroup of P′. H extends to a maximal
reductive Q-subgroup in P of the form wGw−1, hence w−1Hw is a reductive Q-subgroup of G, and it
coincides with the image of P′ modulo W′, which gives H = wG′w−1.
(2) Note that wG′w−1 admits no compact semi-simple quotient Q-group as this is already true for
P′. Since the homomorphism y : SC → PC factors through P′C, we see that the Lie algebra p′ = LieP′
is a rational mixed Hodge substructure of p = LieP, where the weight filtration is induced from the one
on p by restriction, and the Hodge types do not exceed the set
{(−1,−1), (−1, 0), (0,−1), (−1, 1), (0, 0), (1,−1)}.
Thus U′ = U∩P′ is the weight -2 part and W′ is the part of weight at most -1. The involution induced
by y(i) in GR stabilizes G′R, hence it induces further a Cartan involution on G′adR because G′ad admits
no compact Q-factors. The remaining conditions in 2.1 are automatic, hence (P′,U′, Y ′) is a mixed
Shimura datum, and it is clearly a subdatum of (P,U, Y ).
(3) When P′ = MT(Y +), the image of Y + in X is a connected component X+ of X, and the image
G′ of P′ is a reductive Q-subgroup of G such that x(S) ⊂ G′R for all x ∈ X+. If MT(X+) ( G′, then
the pre-image P′′ of MT(X+) in P′ is a proper Q-subgroup and P′′C ⊃ y(SC) for all y ∈ Y +, which
is absurd, and we get G′ = MT(X+). When x runs through X+, using 2.9 we only get finitely many
pure subdata of the form (G′,X ′i = G′(R)x), i = 1, · · · ,m. Each X ′i is an complex submanifold of X,
whose connected components are Hermitian symmetric subdomains of connected components of X, and
the finite union
⋃
iX
′
i contains X+. It turns out that at least one of them, written as X ′, is of dimension
equal to dimX+, and we must have X ′+ = X+ for some connected component of X ′. Since X ′+ resp.
X+ is homogeneous under G′der(R)+ resp. under Gder(R)+, the inclusion of connected semi-simple
Lie groups G′der(R)+ ⊂ Gder(R)+ has to be an equality, and we get G′der = Gder, and only one
subdatum of the form (G′,X ′) is produced this way: X ′ = G′(R)X+.
In particular, the center of G′ is a Q-subtorus of G, and its action on W satisfies the condition (v) in
2.1.
The kernel of P′ → G′ is unipotent, hence P′ = W′⋊G′ for some unipotent Q-subgroup W′ ⊂W,
which is the extension of V′ = W′/U′ by U′ := U ∩ P′. When y runs through Y +, again by 2.9 we
only get finitely many subdata of the form (P′,U′, Y ′i )with Y ′i = P′(R)U′(C)yi for some yi ∈ Y +, and
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each connected component of Y ′i is a complex submanifold of Y homogeneous under P′(R)+U′(C).
We thus have a finite union
⋃
i Yi containing Y +. By [22] 2.19, each Y +i is a complex vector bundle over
an Hermitian symmetric domain isomorphic to X+, and the fibers are isomorphic to W′(R)U′(C). If
W′ ( W, then the finite union
⋃
i Yi cannot contain Y + by dimension arguments because Y + is
isomorphic to a complex vector bundle over X+ with fibers isomorphic to W(R)U(C). Hence we must
have W′ = W, and thus P′der = W⋊Gder = Pder.

Corollary 2.11 (pure irreducibility). Let (P, Y ) = W⋊ (G,X) be a mixed Shimura datum fibred over
a pure one (G,X). Then (P, Y ) is irreducible if and only if (G,X) is irreducible.
Proof. If (P, Y ) is irreducible, then (G,X) is irreducible by [6] 2.4(2).
Conversely, assume that (G,X) is irreducible, and P′ is a Q-subgroup of P such that y(SC) ⊂ P′C.
Write G′ for the image of P′ in G, then x(S) ⊂ G′R for all x ∈ X, which gives G′ = G, and
P′ = W′ ⋊ wGw−1 for some w ∈ W(Q) by 2.10(1). Since Y ⊃ Y + for any connected component
Y + of Y , we have P′ ⊃ MT(Y +), and thus P′ ⊃ W by the arguments in 2.10(3), which gives
P′ = W ⋊ wGw−1 = W ⋊G = P. 
Convention 2.12. In a mixed Shimura datum (P,U, Y ), the Q-group U, the unipotent radical W, and
thus the quotient V = W/U as well, are uniquely determined by any y ∈ Y , because the weight
filtration of the mixed Hodge structure given by AdP ◦y : SC → PC → GLpC on p = LieP determines
LieU and LieW, which in turn determine the connected unipotent Q-groups U and W. We will call U
the unipotent part of weight -2 of P or of the datum. In the sequel we simply write (P, Y ) for the datum,
and U always denotes the unipotent part of weight -2 if no further use of the notation is specified. As
for morphism between mixed Shimura data, we often write f instead of a pair (f, f∗).
Definition 2.13 (mixed Shimura varieties, cf. [22] 3.1). Let (P, Y ) = (U,V) ⋊ (G,X) be a mixed
Shimura datum, and let K ⊂ P(Qˆ) be a compact open subgroup. The (complex) mixed Shimura variety
associated to (P, Y ) at level K is the quotient space
MK(P, Y )(C) = P(Q)\[Y ×P(Qˆ)/K] ∼= P(Q)+\[Y
+ ×P(Qˆ)/K]
where the last equality makes sense for any connected component Y + of Y because P(Q)+ equals the
stabilizer of Y + in P(Q).
Using the finiteness of class numbers in [24] 8.1, we see that the double quotient P(Q)+\P(Qˆ)/K
is finite. Writing R for a set of representatives, we then have
MK(P, Y )(C) =
∐
a∈R
ΓK(a)\Y
+
with ΓK(a) = P(Q)+ ∩ aKa−1 a congruence subgroup of P(R)+.
Pink has shown in [22] that such double quotients are normal quasi-projective varieties over C, gen-
eralizing a theorem of Baily and Borel cf.[2]. He has further shown that mixed Shimura varieties
MK(P, Y ) admit canonical models over their reflex fields E(P, Y ), which are certain number fields
embedded in C. In this paper, we treat mixed Shimura varieties as algebraic varieties over Q¯, and we
denote them as MK(P, Y ), equipped with the Galois action using the canonical model. In Section 2 and
3 we only use complex mixed Shimura varieties, and in Section 4 and 5 we will use some elementary
properties of canonical models.
Kuga varieties resp. pure Shimura varieties are mixed Shimura varieties associated to Kuga data resp.
pure Shimura data.
If (P, Y ) → (P′, Y ′) is a morphism of mixed Shimura data, then we have the inclusion of reflex
fields E(P′, Y ′) ⊂ E(P, Y ), cf. [22] 11.2. For the moment it suffices to know that the following
morphisms are functorially defined with respect to the canonical models:
Definition 2.14 (morphisms of mixed Shimura varieties and Hecke translates, cf. [22] 3.4). (1) Let
f : (P, Y ) → (P′, Y ′) be a morphism of mixed Shimura data, with compact open subgroups K ⊂
P(Qˆ) and K ′ ⊂ P′(Qˆ) such that f(K) ⊂ K ′, then there exists a unique morphism MK(P, Y ) →
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MK ′(P
′, Y ′) of mixed Shimura varieties whose evaluation overC-points is simply [x, aK] 7→ [f∗(x), f(a)K ′].
It is actually defined over E(P, Y ).
For (P,X) = (U,V) ⋊ (G,X), the natural projection π : (P, Y ) → (G,X) gives the natural
projection onto the pure Shimura variety
π :MK(P, Y )→Mpi(K)(G,X).
We can refine this projection into
MK(P, Y )
piU−→MpiU(K)(P/U, Y/U(C))
piV−→Mpi(K)(G,X)
as π = πW = πV ◦ πU, and the sequence means that a general mixed Shimura variety is fibred over
some Kuga variety.
(2) Let (P, Y ) be a mixed Shimura datum, and g ∈ P(Qˆ). For K ⊂ P(Qˆ) a compact open subgroup,
there exists a unique isomorphism of mixed Shimura varieties τg :MgKg−1(P, Y )→MK(P, Y ) whose
evaluation on C-points is
τg : [x, agKg
−1] 7→ [x, agK].
It is actually defined over E(P, Y ), and we call it the Hecke translation associated to g.
Later in Section 4 we will use Hecke translation by w ∈ W(Q) to obtain isomorphisms between
different pure sections of MK(P, Y ) under suitable constraints on the level structures.
We will show later in 2.20 that the André-Oort conjecture is insensitive to the change of K by smaller
compact open subgroups, hence in this paper we will mainly work with levels K that are neat, see [22]
Introduction (page 5). Mixed Shimura varieties at neat levels are smooth.
We also introduce an auxiliary condition of the compact open subgroup K:
Definition 2.15 (levels of product type). Let (P, Y ) = (U,V) ⋊ (G,X) be a fibred mixed Shimura
datum.
(1) A compact open subgroup K of P(Qˆ) is said to be of product type, if it is of the form K =
KW ⋊KG for compact open subgroups KW ⊂W(Qˆ), KG ⊂ G(Qˆ), with KW the central extension
of a compact open subgroup KV ⊂ V(Qˆ) by a compact open subgroup KU ⊂ U(Qˆ) through the
restriction of ψ; KU and KV are required to be stabilized by KG.
(2) A compact open subgroup K in P(Qˆ) is said to be of fine product type if
• (2-a) it is of product type and K = ∏pKp for compact open subgroups Kp ⊂ P(Qp) for any
rational prime p, such that for some ℘ prime, K℘ is neat (hence K is neat, and KG,p is neat);
• (2-b) we also require that KG = KGderKC where C is the connected center of G, with compact
open subgroups KGder ⊂ Gder(Qˆ) and KC ⊂ C(Qˆ) both of fine product type in the sense of
(a).
• (2-c) there exist Z-lattices ΓU ⊂ U(Q) and ΓV ⊂ V(Q) such that
– ψ(ΓV × ΓV) ⊂ ΓU, hence they generate a congruence subgroup ΓW in W(Q);
– KU resp. KV is the profinite completion of ΓU resp. of ΓV, hence the same for KW with
respect to ΓW.
In this case we also write Kp = KW,p ⋊KG,p and K? =
∏
pK?,p for ? ∈ {U,V,W,G,P}.
Remark 2.16 (two-step fibration, cf. [22] Chapter 10). If K = KW ⋊KG, then π(K) = KG and we
have an evident morphism ι(0) : MKG(G,X) →֒ MK(P, Y ), which we called the zero section of the
(fibred) mixed Shimura variety defined by (P, Y ) = (U,V) ⋊ (G,X). The natural projection can be
refined into
MK(P, Y )
piU−→MKV⋊KG(V ⋊ (G,X))
piV−→MKG(G,X)
where πV is an abelian scheme with zero section πU ◦ ι(0), and πU is a torsor under ΓU\U(C). Since
U is commutative, ΓU is a Z-lattice in the Q-vector space U(Q), and ΓU\U(C) ∼= (C/Z)dimU is an
algebraic torus, whose character group is naturally identified with ΓU.
Example 2.17 (Data of Siegel type). Let V be a finite-dimensional Q-vector space, equipped with a
symplectic form ψ : V ×V → U where U = Ga is the one-dimensional rational Hodge structure of
type (−1,−1). (1) We have the following data:
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(1-1) pure Shimura datum of Siegel type: From the Q-group GSpV = GSp(V, ψ) of symplectic
similitude, we obtain the pure Shimura datum (GSpV,HV), with HV = H +V
∐
H
−
V
the
Siegel double space associated to (V, ψ). The pure Shimura varieties it defines are Siegel mod-
ular varieties (with suitable level structures). When (V, ψ) is the standard symplectic structure
on Q2g, it is often written as (GSp2g,Hg).
(1-2) Kuga datum of Siegel type: For any x ∈ HV, the standard representation ρV : GSpV → GLV
defines a rational Hodge structure (V, ρV ◦x) of type {(−1, 0), (0,−1)}, hence we get the Kuga
datum V⋊ (GSpV,HV), which we denote as (QV,VV).
(1-3) mixed Shimura datum of Siegel type: The symplectic form defines a central extension W of V
by U, and it is easy to verify that (PV,UV) := (U,V) ⋊ (GSpV,HV) is a mixed Shimura
datum fibred over the Siegel datum. Note that when g = 0, the mixed Shimura datum is of the
form Ga ⋊ (Gm,H0) with and H0 is a single point.
Sometimes we also call Kuga data of Siegel type as mixed Shimura data of Siegel type.
(2) The three classes of mixed Shimura data given above are all irreducible:
(2-1) For (GSpV,HV), H +V is the simple Hermitian symmetric domain corresponding to the con-
nected simple Lie group SpV(R). If there is a pure subdatum (H,XH) with XH containing
H
+
V
, then XH is either X+H := H
+
V
or HV, and X+H is a homogeneous space under Hder(R)+.
Since Hder ⊂ SpV, the classification of simple Hermitian symmetric domains forces the equal-
ity Hder = SpV because they both give rise to H +V . Note that the image of GmR ⊂ S (corre-
sponding to R×C×) under any x ∈ H +
V
is the center GmR of GLV,R, namely acting on VR by
the central scaling. Hence H ⊃ Gm, i.e. H contains the center Gm of GSpV, which implies
H = GSpV.
(2-2) For (Q,V ) = V ⋊ (GSpV,HV), V is the V(R)-orbit of HV in X(Q). If Q′ ⊂ Q is a
Q-subgroup such that y(S) ⊂ Q′R for all y ∈ V , then restricting to x ∈ HV ⊂ V we get
Q′ ⊃ GSpV. The image of Q′ in GSpV is clearly equal to GSpV, and the unipotent radical V′
of Q′ is necessarily aQ-subgroup of V. Thus a Levi decomposition of Q′ over Q is of the form
V′ ⋊ GSpV. Since the V is irreducible as a representation of GSpV, we must have V′ = V,
which gives Q′ = Q.
Note that similar arguments show that U ⋊ (GSpV,H ) is an irreducible mixed Shimura
datum, using the action of GSpV on U = Ga by the square of the central character.
(2-3) For (P,U ) = (U,V) ⋊ (GSpV,HV), W is the extension of V by U = Ga using the
symplectic form ψ. If P′ ⊂ P is a Q-subgroup such that y(SC) ⊂ P′R, then when y runs
through points in U(C)⋊HV, the irreducible subdatum U⋊ (GSpV,HV) forces the inclusion
U⋊GSpV ⊂ P
′
, and in particular GSpV ⊂ P′. Hence P′ admits a Levi decomposition overQ
of the form W′ ⋊GSpV, where W′ is a unipotent Q-subgroup of W containing U. Thus W′
is an extension of V′ = W′/U by U using the restriction of ψ. W′ and U′ being both stable
under GSpV, we see that V′ is a GSpV-stable Q-vector subspace of V, hence the equalities
V′ = V, W′ = W, and P′ = P, because V is an irreducible representation of GSpV.
(3) Note that in a product of the form (G,X) = (GSpV1 ,HV1) × · · · × (GSpVn ,HV,n), we can
construct irreducible subdata of the form (G′,X ′) where G′ is the Q-subgroup generated by Gder =∏
j SpVj plus a split Q-torus Gm that acts on each Vj by the central scaling, and X
′ is the G′(R)-orbit
of some x = (x1, · · · , xn) ∈ X =
∏
j HVj . In fact x sends S1 into x1(S1)×· · ·×xn(S1) ∈
∏
j SpVj ,R,
and sends GmR to the center of GL⊕jVj . Hence by 2.10, (G′,G′(R)x) is a subdatum of (G,X), which
is clearly irreducible. However G(R) has only two connected components, as its center Gm(R) has only
two connected components and G′der(R) =
∏
j SpVj (R) is connected, and thus G
′(R)x has only two
connected components, while X =
∏
j HVj has 2n connected components.
For a point x ∈ X, we have its signature vector sx ∈ (±)n, describing whether it is positive or
negative definite on Vj , j = 1, · · · , n. Two points x = (xj) and x′ = (x′j) in X fall in the same
connected component if and only if they have the same signature on each Vj . Hence x′ ∈ G′(R)x if
and only if sx′ = ±sx. When x runs through X, we get finitely many irreducible subdata of the form
(G′,G′(R)x), which follows from 2.9. It is also clear that the generic Mumford-Tate group of each
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connected component of X is G′. Although we mainly work with Shimura data in the sense of Deligne,
we mention that the pair (G′,X =
∏
j HVj ) is a pure Shimura datum in the sense of Pink [22] 2.1, as
each x ∈ X gives a homomorphism S → G′R, and X → X(G′) is a G′(R)-equivariant map with finite
fibers.
Similarly, in the Kuga case, (P, Y ) =
∏
j(QjVj) = (⊕jVj)⋊ (G,X) admits irreducible subdata of
the form (P′, Y ′) = (⊕jVj)⋊ (G′,X ′). The general mixed Shimura case of Siegel type is parallel.
These irreducible subdata are actually strictly irreducible in the sense of 2.18(3). The fact that the
connected center is simply a split Q-torus Gm will be useful in the estimations 5.15 and 5.16.
(4) Assume that for some Z-lattice ΓV of V, the restriction ψ : ΓV × ΓV → Q(−1) has value
in Z(−1) = Z(2πi)−1 and is of discriminant ±1. The profinite completions of lattices ΓV ⊂ V and
Z(−1) ⊂ Q(−1) are compact open subgroups KV and KU respectively. Take a compact open subgroup
KG ⊂ GSpV(Qˆ) small enough and stabilizing both KV and KU, we get the mixed Shimura variety
MK(PV,UV) for K = KW⋊KG, KW being the compact open subgroup generated by KU and KV.
We also have the universal abelian scheme over the Siegel moduli space of level KG, namely
A =MKV⋊KG(QV,VV)→ S =MKG(GSpV,HV)
and MK(PV,UV) is a Gm-torsor over A .
The compact open subgroups thus obtained are levels of fine product type when KG is of fine product
type.
Definition 2.18 (special subvarieties). Let (P, Y ) be a mixed Shimura datum, with M = MK(P, Y ) a
mixed Shimura variety associated with it.
(1) The map ℘P : Y ×P(Qˆ)/K →M(C), (y, aK) 7→ [y, aK] is called the (complex) uniformization
map ofM . It is clear that the source is not connected in general, but its connected components are simply
connected complex manifolds isomorphic to each other.
A special subvariety of MK(P, Y ) is a priori a subset of M(C) of the form ℘P(Y ′+ × aK) with
a ∈ P(Qˆ) and Y ′+ a connected component of some mixed Shimura subdatum (P′, Y ′) ⊂ (P, Y ),
where K ′ ⊂ P′(Qˆ) is the compact open subgroup aKa−1 ∩P′(Qˆ).
A special subvariety is actually a closed algebraic subvariety of MK(P, Y ) over Q¯: it is a connected
component of the image of the morphism MK ′(P′, Y ′) → MaKa−1(P, Y ) under the Hecke translate
MaKa−1(P, Y ) ∼=MK(P, Y ).
(2) In Section 2 and 3, we will often work with connected mixed Shimura varieties defined as follows:
• a connected mixed Shimura datum is of the form (P, Y ;Y +) where (P, Y ) is a mixed Shimura
datum and Y + a connected component of Y ; a morphism between connected mixed Shimura
data is f : (P1, Y1;Y +1 )→ (P2, Y2;Y
+
2 ) with f a morphism of mixed Shimura data (P1, Y1)→
(P2, Y2) sending Y +1 into Y
+
2 ; in particular, a connected mixed Shimura subdatum is of the
form (P′, Y ′;Y ′+) ⊂ (P, Y ;Y +) with (P′, Y ′) a subdatum of (P, Y ) and Y ′+ a connected
component of Y ′ contained in Y +;
• a connected mixed Shimura variety is a quotient space of the form M+ = Γ\Y + where Γ ⊂
P(Q)+ is a congruence subgroup; such quotients are normal quasi-projective algebraic varieties
defined over a finite extension of the reflex field of (P, Y ), and we treat them as varieties over
Q¯;
• for a connected mixed Shimura variety M+ as above we have the (complex) uniformization
map ℘Γ : Y + → M+ y 7→ Γy, and a special subvariety of M+ is a subset of the form
℘Γ(Y
′+) given by some connected mixed Shimura subdatum (P′, Y ′;Y ′+); special subvarieties
are closed irreducible algebraic subvarieties defined over Q¯, with canonical models defined over
some number fields.
For example, in the Kuga case (P, Y ) = V⋊ (G,X), we have explained in Introduction that special
subvarieties are certain torsion subschemes of abelian schemes over some pure special subvariety S′ ⊂
S.
(3) We also introduce a variant of irreducible data in the connected setting. A connected mixed
Shimura data (P, Y ;Y +) is said to be strictly irreducible if P = MT(Y +). Note that in this case
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Y = P(R)U(C)Y + is determined by P and Y +, and (P, Y ) is necessarily irreducible. The pair
(P, Y ) thus obtained is also said to be strictly irreducible.
For example, the pure and mixed Shimura data of Siegel type associated to a symplectic Q-space
(V, ψ) gives rise to strictly irreducible connected mixed Shimura data (P, Y ;Y +), and the data (G′,X ′)
constructed in 2.17(3) gives rise to strictly irreducible ones (G′,X ′;X ′+).
Lemma 2.19 (strict irreducibility). (1) Let f : (P, Y ;Y +)→ (P′, Y ′;Y ′+) be a morphism of connected
mixed Shimura data, such that f : P → P′ is surjective. Assume that (P1, Y1;Y +1 ) is a strictly
irreducible connected subdatum of (P, Y ;Y +). Then its image (P′1, Y ′1 ;Y ′+1 ) in (P′, Y ′;Y ′+) remains
strictly irreducible.
(2) Let (P, Y ;Y +) = W⋊(G,X;X+) be a connected mixed Shimura datum fibred over a connected
pure Shimura datum (G,X;X+). Then (P, Y ;Y +) is strictly irreducible if and only if so it is with
(G,X;X+).
Proof. (1) Since f : P → P′ is surjective, the map f∗ : Y + → Y ′+ is also surjective. Assume that
(P′1, Y
′
1 ;Y
′+
1 ) is not strictly irreducible. Then there exists P′2 ( P′1 such that P′2 = MT(Y
′+
1 ), and
putting Y ′+2 = Y
′+
1 plus Y ′2 = P′2(R)U′2(C)Y
′+
2 , we get a strictly irreducible subdatum (P′2, Y ′2 ;Y
′+
2 ).
We have P2 := f−1(P2) ( P1 by the epimorphism f : P1։P′1, and clearly the inclusion P2,C ⊃
y(SC) holds for all y ∈ Y +1 because f(P2,C) ⊃ f(y)(SC), contradicting the strict irreducibility of
(P1, Y1;Y
+
1 ).
(2) The reduction modulo W gives π : (P, Y ;Y +) → (G,X;X+) with π : P → G surjective. If
(P, Y ;Y +) is strictly irreducible, then so it is with its image (G,X;X+) by (1).
Conversely, assume (G,X;X+) is strictly irreducible, then (G,X) is irreducible, and we get (P, Y )
irreducible by 2.11. Let P′ ⊂ P be the generic Mumford-Tate group of Y +, then P′der = Pder =
W ⋊Gder by 2.4(4) and 2.10(3). The reduction of P′ modulo W is a Q-subgroup G′ of G such that
G′R ⊃ x(S) for all x ∈ X+, hence G′ = G and P′ = P. 
The André-Oort conjecture can be reduced to the case of special subvarieties within a connected
mixed Shimura variety, and it suffices to prove it for some level structure sufficiently small, due to the
following elementary lemma:
Lemma 2.20 (insensitivity of levels). Let (P, Y ;Y +) be a connected mixed Shimura data, giving rise
to a morphism of connected mixed Shimura varieties π :M = Γ\Y + →M ′ = Γ′\Y + via an inclusion
of congruence subgroups Γ ⊂ Γ′ in P(R)+.
(1) If S ⊂M is a special subvariety, then its image π(S) in M ′ is special; conversely, if S′ ⊂M ′ is
a special subvariety, then the pre-image π−1(S′) in M is a finite union of special subvarieties.
(2) The André-Oort conjecture holds for M if and only if it holds for M ′.
Proof. (1) If S = ℘Γ(Y +1 ) is a special subvariety defined by some conncted subdatum (P1, Y1;Y +1 ),
then π(S) = ℘Γ′(Y +1 ) is special.
Conversely, if Γ′ =
∐
Γaj is a decomposition into finitely many cosets, and S′ = ℘Γ′(Y +1 ) is special
given by a connected mixed Shimura subdatum (P1, Y1;Y +1 ), then π−1(S′) is the finite union of special
subvarieties Sj = ℘Γ(ajY +1 ) defined by (ajP1a
−1
j , ajY1; ajY
+
1 ).
(2) If the André-Oort conjecture holds for M , and (S′n) is a sequence of special subvarieties in M ′,
then the pre-images π−1(S′n) form a sequence of special subvarieties, whose Zariski closure is a finite
union
⋃
j Zj of special subvarieties in M . The finite map π : M → M ′ is closed, hence it sends
⋃
j Zj
to the Zariski closure of
⋃
n S
′
n and it is a finite union of special subvarieties
⋃
j π(Zj).
Conversely, if a geometrically irreducible subvariety Z ⊂ M is the Zariski closure of a sequence
of special subvarieties
⋃
n Sn, then Z is a geometrically irreducible component of π−1(π(Z)), hence
special because π(Z) is the Zariski closure of a sequence of special subvarieties (π(Sn)) in M ′, and
π−1(π(Z)) is a finite union of special subvarieties by (1). 
Remark 2.21 (arithmetic quotients). Although we have used congruence subgroups in P(Q)+ to define
connected mixed Shimura varieties of the form Γ\Y + and their special subvarieties, it makes no harm
to use arithmetic subgroups of Pder(Q)+, as long as we only treat them as complex algebraic varieties.
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In this setting we can also define special subvarieties and formulate the André-Oort conjecture (see (3)
below). We assume for simplicity that the arithmetic subgroups involved are torsion-free, since this
suffices for the study of André-Oort type conjectures following the idea of 2.20.
By [2] and [22], quotients of the form Γ\Y + with Γ torsion-free arithmetic subgroups of Pder(Q)+
are normal quasi-projective algebraic varieties over C, which are also smooth. In fact:
(1) In the pure case (P, Y ;Y +) = (G,X;X+), the Lie group G(R)+ acts on X+ through Gad(R)+.
If Γ ⊂ Gder(Q)+ is an arithmetic subgroup, then using the quotient map Gder → Gad, its image
Γad ⊂ Gad(Q)+ is arithmetic by [3] 8.9 and 8.11, and the quotient Γ\X+ = Γad\X+ is an algebraic
variety.
If ΓG is a torsion-free arithmetic subgroup in G(Q)+, then Γ†G := ΓG ∩Gder(Q)+ is a torsion-free
arithmetic subgroup of Gder(Q)+, and ΓG acts on X+ through its image ΓadG ⊂ Gad(Q)+, which is an
arithmetic subgroup of Gad(Q)+ again by [3] using G։Gad. Again because we only focus on André-
Oort type conjectures, following the idea of 2.20 we only consider the case when Γad
G
is torsion-free.
The group Gder(R)+ also acts on X+ through Gad(R)+, and the evident map Γ†
G
\X+ → ΓG\X
+
is the same as Γ′\X+ → Γad
G
\X+, where Γ′ is the image of Γ†
G
in Gad(Q)+. Clearly Γ′ is also
an arithmetic subgroup, contained in Γad
G
as a subgroup of finite index, and it is torsion-free. Hence
Γ†
G
\X+ → ΓG\X
+ is a finite morphism between algebraic varieties: since these quotients are given
by torsion-free arithmetic subgroups, by [4] 3.10 we deduce that Γ′\X+ → Γad
G
\X+ is algebraic, and
in fact it is a finite étale covering using Riemann existence theorem, cf. [13] 5.7.4.
(2) In the mixed case, the connected mixed Shimura varieties of interest in our study are often given
in a product form, i.e. given as Γ\Y + using connected data (P, Y ;Y +) = W ⋊ (G,X;X+) with
Γ = ΓW⋊ΓG for arithmetic subgroups ΓW ⊂W(Q) and ΓG ⊂ G(Q)+. Write Γ†G = ΓG∩Gder(Q)+
and Γ† = ΓW ⋊ Γ†G, we have Γ† = Γ ∩ Pder(Q)+ as an arithmetic subgroup of Pder(Q)+ using
Pder = W ⋊Gder. Consider the following diagrams:
Γ† //

Γ

Γ†\Y + //

Γ\Y +

Γ†
G
// ΓG Γ
†
G
\X+ // ΓG\X
+
where the left one is Cartesian whose arrows are inclusions, and the right one is Cartesian in the category
of complex analytic spaces using the group actions from the left one on Y + → X+. Hence Γ†\Y + →
Γ\Y + is a finite morphism between algebraic varieties as it is pulled back from the finite morphism on
the bottom. One may also talk about Γ\Y + for general (torsion-free) arithmetic subgroups of Pder(Q)+,
because such subgroups contain normal subgroups of finite index of the product form above, and we may
argue by finite group quotients and Riemann existence theorem.
Note that we cannot define mixed Shimura data of the form (P, Y ) = W⋊ (G,X) with G of adjoint
type, because in this case, the Hodge structure given by x ∈ X on any algebraic representation V of G
is necessarily of weight zero as the center of G is trivial. Hence in the diagram above it would not make
sense to write groups like ΓW ⋊ ΓadG .
(3) The André-Oort conjecture for special subvarieties still make sense in this setting which only
involves complex algebraic varieties. Namely we start with an arithmetic subgroup Γ ⊂ Pder(Q)+, form
the uniformization map ℘Γ : Y + → Γ\Y +, and define special subvarieties to be of the form ℘Γ(Y ′+)
using connected mixed Shimura subdata (P′, Y ′;Y ′+) ⊂ (P, Y ;Y +). If Γ ⊂ P(Q)+ is a torsion-free
congruence subgroup, and Γ′ ⊂ Pder(Q)+ is an arithmetic subgroup contained in Γ, then using the
arguments through the universal coverings as in 2.20 and the finite morphism Γ′\Y + → Γ\Y +, we see
that the André-Oort conjecture for Γ\Y + is equivalent to the one for Γ′\Y +.
When we need finer information about the canonical models, we will always work with classical
mixed Shimura data with level structures given by compact open subgroups of P(Qˆ).
The remark above draws our attention to the derived groups. Analogue to modifying congruence
subgroups, we can also modify the derived groups:
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Lemma 2.22 (insensitivity of isogeny). Let f : M → M ′ be a morphism between connected mixed
Shimura varieties given by some morphism of connected mixed Shimura data (f, f∗) : (P, Y ;Y +) →
(P′, Y ′;Y ′+) together with congruence subgroups Γ ⊂ P(Q)+ and Γ′ ⊂ P′(Q)+ satisfying f(Γ) ⊂ Γ′.
Assume that the Q-group homomorphism f : Pder → P′der is an isogeny, i.e. surjective of finite kernel.
Then
(1) f∗ : Y + → Y ′+ is an isomorphism and f :M →M ′ is finite;
(2) the André-Oort conjecture holds for M if and only if it holds for M ′.
Note that (1) implies that a connected mixed Shimura variety could be realized by different connected
mixed Shimura data, and (2) affirms that one might choose any mixed Shimura datum to study the
André-Oort conjecture. For example, in the pure case, the evident morphism between pure Shimura data
(G,X) → (Gad,Xad) = (G,X)/Z with Z the center of G satisfies the lemma: Gder → Gad is an
isogeny. Hence the André-Oort conjecture for pure Shimura varieties is reduced to the case where the
ambient Shimura variety is defined by a Q-group of adjoint type, which has been used in [14] [29] etc.
Proof. (1) By 2.6, we may assume that (P, Y ) = (U,V)⋊(G,X), (P′, Y ′) = (U′,V′)⋊(G′,X ′), and
(f, f∗) is given by (f, f∗) : (G,X) → (G′,X ′) a morphism of pure Shimura data together with equi-
variant maps between Q-vector spaces f : U→ U′ and f : V → V′ compatible with the alternating bi-
linear maps ψ and ψ′. When we regard G as aQ-subgroup of P, f(G) ⊂ P′ is a reductive Q-subgroup,
which extends to some maximal Q-subgroup w′G′w′−1 for some w′ ∈ W′(Q), and we assume for
simplicity that w′ = 1, hence the morphism (G,X)→ (G′,X ′) extends to (P, Y )→ (P′, Y ′).
Since f : Pder → P′der is an isogeny, f induces an isomorphism of Lie algebras LiePder →
LieP′der, and thus LieW ∼= LieW′ under f . Taking y ∈ Y mapped to y′ = f(y) ∈ Y ′, we see
that the mixed Hodge structures on LieW and on LieW′ are isomorphic. This forces the Q-group ho-
momorphism U → U′ to be an isomorphism because it underlies an isomorphism of rational Hodge
structures of type (−1,−1), and so it is with the quotient V → V′, hence f : W → W′ is also an
isomorphism. As for the pure part, the isogeny Pder → P′der gives an isogeny Gder → G′der which
gives further an isomorphism Gad → G′ad, hence the map f∗ : X → X ′ is an isomorphism on each
connected components in X. Therefore f∗ : Y + = W(R)U(C)⋊X+ → Y ′+ = W′(R)U′(C)⋊X ′+
is an isomorphism.
Assume that f : Γ\Y + → Γ′\Y + is associated to congruence subgroups Γ and Γ′ respectively with
f(Γ) ⊂ Γ′, then the corresponding map for the pure quotient f : ΓG\X+ → ΓG′\X ′+ is finite. In fact,
the image ΓG of Γ in G(Q)+ resp. ΓG′ of Γ′ in G′(Q)+ acts on X+ through Gad(Q)+ resp. on X ′+
through G′ad(Q)+, and from the isomorphism Gad ∼= G′ad we know that the image of ΓG in Gad(Q)+
is n arithmetic subgroup of finite index in the image of ΓG′ in G′ad(Q)+. Since W ∼= W′, we also get
Γ ∩W(Q) of finite index in Γ′ ∩W′(Q). Hence f : Γ\Y + → Γ′\Y ′+ is finite.
(2) If S ⊂ Γ\Y + is a special subvariety defined by (P1, Y1;Y +1 ), then its image in Γ′\Y ′+ is a spe-
cial subvariety defined by the image subdatum (f(P1), f∗(Y1); f∗(Y +1 )). Conversely, if S′ is a special
subvariety of Γ′\Y ′+ defined by (P′1, Y ′1 ;Y
′+
1 ), then we claim that its preimage in Γ\Y + is a finite union
of special subvarieties which are Hecke translates of a connected subdatum of the form (P1, Y1;Y +1 )
where
• P1 is the neutral component of f−1(P′1);
• Y +1 = f
−1
∗ (Y
′+
1 ) under the isomorphism f∗ : Y + → Y ′+;
• Y1 is the P1(R)U1(C)-orbit of Y +1 with U1 = U ∩P1.
In fact, any y′ ∈ Y ′+1 has a unique preimage y ∈ Y + under the isomorphism f∗ : Y + → Y ′+, and
the inclusion y′(SC) ⊂ P′1,C gives y(SC) ⊂ P1,C because y(SC) is necessarily connected. We verify
that the Q-group P1 satisfies the condition in 2.10: P1 is the neutral component of f−1(P′1), hence its
image G1 modulo W in G is the neutral component of f−1(G′1) with G′1 the reduction of P′1 modulo
W′ in G′. Since the image of (P′1, Y ′1) in (G′,X ′) is a pure Shimura subdatum of the form (G′1,X ′1),
we see that G′ad1 admits no compact Q-factors, hence so it is with G1.
By 2.10, P1 does give rise to a mixed Shimura subdatum (P1,U1, Y1) of (P,U, Y ) using the ele-
ment y, with U1 = U ∩ P1 and Y1 being the P1(R)U1(C)-orbit of y. The image of (P1,U1, Y1) in
(P,U′, Y ′) is clearly contained in (P′1,U′1, Y ′1). We have Pder1 ⊂ Pder, and the evident homomorphism
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f : Pder1 → P
′der
1 is an isogeny because it is restricted from f : Pder → P′der. By the arguments in (1)
we have isomorphisms f : U1 → U′1, f : W1 →W′1, and f∗ : Y +1 → Y
′+
1 .
Using 2.21(3), the André-Oort conjecture for Γ\Y + resp. for Γ\Y ′+ is equivalent to the conjecture
for Γ†\Y + resp. for Γ′†\Y ′+. The isogeny f : Pder → P′der induces an isomorphism Y + → Y ′+ and
it sends Γ† into an arithmetic subgroup of Γ′† with finite kernel, hence the arguments in (1) show that the
André-Oort conjecture is the same for Γ†\Y + and Γ′†\Y ′+, hence the same for Γ\Y + and Γ′\Y ′+. 
In the rest of this section, we explain how a general mixed Shimura datum could be embedded, up to
isogeny, into the product of a pure Shimura datum with Kuga data and mixed Shimura data defined in
2.17. This phenomenon is similar to the reduction lemma in [22] 2.26, but the proof is easier as we only
require embedding up to isogeny.
Lemma 2.23 (reduction lemma). Let (P, Y ) be an irreducible mixed Shimura datum. Then there exists
a morphism of mixed Shimura data
f : (P, Y )→ (G0,X0)×
∏
i=1,··· ,r
(Pi,Ui)× (Q0,V0)
where (G0,X0) is a pure Shimura datum, (Pi,Ui) = (PVi ,UVi), (Q0,V0) = (QV0 ,VV0) defined
as in 2.17 for some symplectic spaces Vi (i = 0, 1, · · · , r), and that the Q-group homomorphism
P→ G×
∏
iPi ×Q0 is of finite kernel.
If moreover (P, Y ) is a Kuga datum, then f can be taken of the form
(P, Y ) = V ⋊ (G,X)→ (G0,X0)× (Q0,V0) = (G0,X0)× (V ⋊ (GSpV,HV)).
Proof. Write (P, Y ) = W⋊ (G,X) = (U,V)⋊ (G,X) with W given by an alternating bilinear map
ψ : V ×V → U equivariant under G.
(1) We first consider the Kuga case, i.e. ψ = 0 and U = 0. We claim in this case G preserves
a symplectic form Ψ on V up to similitude, and it gives rise to a morphism of Kuga data (P, Y ) →
V ⋊ (GSpV,HV).
Using [22] 1.4, we get a variation of rational Hodge structures V on X associated to the representation
ρV, which is pure of weight 1 and type {(−1, 0), (0,−1)}, and the Hodge structure on Vx is given
by ρV ◦ x; using further [22] 1.12, this variation is polarized by some Ψ : V ⊗QX V → Q(1)X ,
coming from some G-equivariant non-degenerate bilinear map Ψ : V ⊗Q V → Ga(∼= Q(1)), which
is a symplectic form due to the weight and the Hodge type of ρV ◦ x (x ∈ X). Hence we obtain a
map f∗ : X → HV sending x ∈ X to the polarized rational Hodge structure (ρV ◦ x,Ψ), and f∗
is equivariant with respect to a Q-group homomorphism f : G → GSpV. Using 2.6(2), we get a
morphism of Kuga data f : V ⋊ (G,X) → V ⋊ (GSpV,HV) =: (Q0,V0), and the restriction of the
Q-group homomorphism f to the unipotent radical V is identity.
Let G′ be the image of G in GSpV. Since g = LieG is reductive, the epimorphism Lief : g =
LieG → g′ = LieG′ gives rise to a decomposition g = g′ ⊕ g′′ of ideals of g. Now that g contains
a Lie subalgebra g′, G contains a connected normal reductive Q-subgroup H′ whose Lie algebra is g′.
Let (G0,X0) be the quotient of (G,X) by H′. We have G0 = G/H′, and thus the homomorphism
G→ G0×G
′ →֒ G0×GSpV is of finite kernel because the Lie algebra homomorphism g→ (g/g′)⊕g′
is an isomorphism. From the morphism (G,X)→ (G0,X0)× (GSpV,HV) we get
(P, Y ) = V ⋊ (G,X)→ (G0,X0)× (V ⋊ (GSpV,HV)) = (G0,X0)× (Q0,V0)
and P→ G0 ×Q0 is of finite kernel.
(2) When U 6= 0, by [22] 2.14, G acts on U through a split Q-torus, and U splits into a direct sum
of one-dimensional subrepresentations U = ⊕αUα. We thus get ψ = ⊕αψα with ψα the composition
V ×V → U → Ga using the α-th projection. Write Wα for the extension of V by Ga using ψα, we
have an inclusion W →֒
∏
αWα which is the identify when restricted to U, and it becomes the diagonal
embedding V →֒
∏
αV when reduced modulo U. It extends to an inclusion P = W ⋊G →֒
∏
αPα
with Pα = Wα ⋊G, and we get an embedding
(P, Y ) = (U,V) ⋊ (G,X) →֒
∏
α
(Pα, Yα) =
∏
α
Wα ⋊ (G,X) =
∏
α
(Ga,V) ⋊ (G,X)
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and it remains to prove the lemma for each (Pα, Yα).
We thus assume that U is one-dimensional. The radical V0 of ψ : V × V → U is {v ∈ V :
ψ(v, v′) = 0∀v′ ∈ V} is a subrepresentation in V under G, hence we have a splitting V = V0 ⊕V1
because G is reductive, and the restriction ψ : V1×V1 → U is non-degenerate, i.e. a symplectic form.
We thus get an embedding
(P, Y ) = (U,V) ⋊ (G,X) →֒ ((U,V1)⋊ (G,X)) × (V0 ⋊ (G,X)).
The Kuga case V0 ⋊ (G,X) is already treated in (1). As for (U,V1)⋊ (G,X), U is one-dimensional
and G acts on it by scalars, hence G preserves ψ up to similitude, which gives (G,X)→ (GSpV1 ,HV1)
and a morphism (U,V1) ⋊ (G,X) → (U,V1) ⋊ (GSpV1 ,HV1), whose restriction to the unipotent
radical W1 (extension of V1 by U via ψ) is the identity. Repeat the construction in (1) (i.e. lifting the
image of G→ GSpV1 into a connected normal Q-subgroup of G), we get a morphism
(U,V1)⋊ (G,X)→ (G1,X1)× ((U,V1)⋊ (GSpV1 ,HV1)
in which the Q-group homomorphism is of finite kernel. Hence the claim. 
Remark 2.24 (reduction to subdata of a “good product”). When we study the André-Oort conjecture
for MK(P, Y ), it suffices to restrict to each connected component of the form M+ = Γ\Y + for Y +
some fixed connected component of Y and Γ some suitably defined congruence subgroup of P(Q)+.
In order to use the strategy of [14] and [29] for M+, it suffices to take the subdatum (P′, Y ′) where
P′ = MT(Y +) ⊂ P and Y ′ = P′(R)U′(C)Y + using 2.10(3), which is irreducible, hence admits
a morphism into (G0,X0) × (L, YL) satisfying 2.23. Moreover the reduction modulo the center Z0
of G0 gives (G0,X0) × (L, YL) → (Gad0 ,Xad0 ) × (L, YL) satisfying 2.22, hence we may reduce the
André-Oort conjecture to mixed Shimura varieties defined by a subdatum of a “good product” of the
form (G0,X0) × (L, YL) with G0 semi-simple of adjoint type and (L, YL) a product of finitely many
mixed Shimura data of Siegel type.
We will encounter these good products in Section 4 and Section 5, which provide convenient settings
for the estimation of degrees of Galois orbits of special subvarieties.
3. MEASURE-THEORETIC CONSTRUCTIONS ON MIXED SHIMURA VARIETIES
In this section, we introduce some measure-theoretic constructions associated to connected mixed
Shimura varieties. Most of them are analogue to the Kuga case discussed in [6] Section 2, 2.14-2.18,
except that in the general case, we work with the notion of S-spaces. We also introduce the notion of
(T, w)-special subdata, which is the analogue of T-special subdata of [29] 3.1 in the mixed case.
Definition 3.1 (lattice spaces and canonical measures). (1) A linear Q-group P is said to be of type H
if it is of the form P = W ⋊H with W a unipotent Q-group and H a connected semi-simple Q-group
without normal Q-subgroups H′ ⊂ H of dimension > 0 such that H′(R) is compact.
For a mixed Shimura datum (P, Y ), the Q-group of commutators Pder is of type H , due to 2.4(4).
(2) For P a linear group of type H and Γ ⊂ P(R)+ a congruence subgroup, the quotient Ω =
Γ\P(R)+ is called the (connected) lattice space associated to (P,Γ). Since Γ is discrete in P(R)+, the
space Ω is a smooth manifold. We also have the uniformization map ℘Γ : P(R)+ → Ω, a 7→ Γa.
(3) Let Ω = Γ\P(R)+ be a lattice space as in (2). The left Haar measure νP on P(R)+ passes to
a measure νΩ on Ω: choose a fundamental domain F ⊂ P(R)+ with respect to Γ, we put νΩ(A) =
νP(F ∩ ℘
−1
Γ A) for A ⊂ Ω measurable.
Following [6] 2.15 (1), νΩ is of finite volume and is normalized such that νΩ(Ω) = 1. We call it the
canonical measure on Ω.
Definition 3.2 (lattice space and S-space). Let (P, Y ;Y +) = (U,V) ⋊ (G,X;X+) be a connected
mixed Shimura datum with pure section (G,X;X+). Let Γ be a congruence subgroup of P(R)+, which
gives us the connected mixed Shimura variety M = Γ\Y +.
(1) The lattice space associated to M is Ω = Γ†\Pder(R)+ where Γ† = Γ∩Pder(R)+. It is equipped
with the canonical measure νΩ, and we have the uniformization map ℘Γ : Pder(R)+ → Ω, g 7→ Γ†g.
A lattice subspace of Ω is of the form ℘Γ(H(R)+) for some Q-subgroup H ⊂ Pder of type H .
Since Γ† acts on Pder(R)+ by translation, we have ℘Γ(H(R)+) ∼= (Γ ∩H(R)+)\H(R)+ is a lattice
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space itself, and it is a closed submanifold of Ω. It carries a canonical measure ν by 3.1, and we regard
ν as a probability measure on Ω with support equal to the submanifold ℘Γ(H(R)+).
(2) We write Y + for the P(R)+-orbit of X+ in Y , called the real part of Y +. It is a connected real
submanifold of Y +. The (connected) S-space associated to M is M = Γ\Y +. Since Γ contains a neat
subgroup of finite index, the quotient M is a real analytic space with at most singularities of finite group
quotient.
We also have the following orbit map associated to any point y ∈ Y +:
κy : Ω = Γ
†\Pder(R)+ → M = Γ\Y +, Γ†g 7→ Γgy.
It is surjective because Γ† ⊂ Γ and Y + is a single Pder(R)+-orbit, as X+ is homogeneous under
Gder(R)+. It is a submersion of smooth real analytic spaces when Γ is neat.
Remark 3.3. The P(R)-orbit Y of X in Y is independent of the choice of pure section (G,X) as
different pure sections are conjugate to each other under P(Q) ⊂ P(R). Y + is simply a connected
component of Y , as it is the preimage of X+ under the natural projection Y (→֒ Y )։X whose fibers
are connected (isomorphic to W(R)).
The notion of real part of Y is inspired by the imaginary part of Y defined in [22] 4.14.
Lemma 3.4. Let (P, Y ;Y +) = (U,V) ⋊ (G,X;X+) be a connected mixed Shimura datum with
U 6= 0. Then for any congruence subgroup Γ ⊂ P(Q)+, the S-space Γ\Y + is dense in Γ\Y + for the
Zariski topology.
Proof. In the Kuga case, we have U = 0, hence the real part Y + equals Y +, and the S-space M is just
the Kuga variety. In the non-Kuga case, the projection πU gives us the commutative diagram
Y +
piU

⊂
// Y +
piU

Y +/U(C)
=
// Y +/U(C)
,
in which the vertical maps are smooth submersions of manifolds. The right one is a U(C)-torsor, the left
one is a U(R)-torsor, and Y + = Y +×U(R) U(C) namely the quotient of Y +×U(C) by the diagonal
action of U(R). U(R) ⊂ U(C) is Zariski dense when we view U(C) as a complex algebraic variety,
hence the density of Y in Y . The proof for M ⊂M is clear when we restrict to connected components
and take quotient by Γ. 
The advantage of S-spaces is that they carry canonical measures of finite volumes. Parallel to the
Kuga case studied in [6] 2.17 and 2.18, we have the following:
Definition-Proposition 3.5 (canonical measures on S-spaces). Let M = Γ\Y + be a connected mixed
Shimura variety associated to (P, Y ;Y +), with Ω = Γ†\Pder(R)+ the corresponding lattice space, and
M = Γ\Y + the S-space. Fix a base point y ∈ Y + ⊂ Y +.
(1) The orbit map κy : Pder(R)+ → Y +, g 7→ gy is a submersion with compact fibers. The isotropy
subgroup Ky of y in Pder(R)+ is a maximal compact subgroup of Pder(R)+.
The left invariant Haar measure νP on Pder(R)+ passes to a left invariant measure µY = κy∗νP on
Y +, which is independent of the choice of y.
(2) Taking quotients by congruence subgroups, the orbit map κy : Γ†\Pder(R)+ → Γ\Y +, Γ†g 7→
Γgy is a submersion with compact fibers. The push-forward κy∗ sends νΩ to a probability measure µM
on M = Γ\Y +, independent of the choice of y. We call it the canonical measure on M .
(3) Let M ′ ⊂M be a special subvariety defined by (P′, Y ′;Y ′+), and take y ∈ Y ′+ ⊂ Y +. Then we
have the commutative diagram
Ω′
⊂
//
κy

Ω
κy

M ′
⊂
//M
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with Ω′ the special lattice space associated to M ′, M ′ the corresponding special S-subspace. In partic-
ular we have κy∗νΩ′ = µM ′ , with νΩ′ the canonical measure of the lattice subspace Ω′ associated to
P′der(R)+. Note that we identify νM ′ as a probability measure on M with support equal to M ′.
Similarly, for the fibration over the pure base π : M → S = ΓG\X+ with Γ = ΓW ⋊ ΓG, we
have the submersions π : Ω → ΩG := Γ†G\Gder(R)+, π : M ′ → S, together with π∗νΩ = νΩG and
π∗µM = µS .
Proof. It suffices to replace the V’s etc. in [6] 2.17 and 2.18 by W’s etc. as the proof there already
works for general unipotent V’s. 
In the pure case, we have the notion of T-special sub-object, where T is the connected center of the
Q-group defining the subdatum, the special subvarieties, etc. In the mixed case, the connected center
is of the form wTw−1 following the notations in 2.8, and we prefer to separate T and w, because T
provides information on the image in the pure base, and w describes how the pure section has been
translated from the given one defined by (G,X) ⊂ (P, Y ). In Introduction we have seen motivations
for this notion on Kuga varieties via the description of special subvarieties as torsion subschemes in
some subfamily of abelian varieties.
Definition 3.6 ((T, w)-special subdata). Let (P, Y ) = (U,V) ⋊ (G,X) be a mixed Shimura datum,
with W the central extension of V by U as the unipotent radical of P. Take T a Q-torus in G and w an
element in W(Q).
(1) A subdatum (P′, Y ′) of (P, Y ) is said to be (T, w)-special if it is of the form (U′,V′) ⋊
(wG′w−1, wX ′) presented as in 2.8, with T equal to the connected center of G′. In the language
of [29], (G′,X ′) is a T-special subdatum of (G,X), and the element w ∈ W(Q) conjugates it to a
pure section of (P′, Y ′), cf. 2.7.
(2) Similarly, if M = Γ\Y + is a connected mixed Shimura variety defined by (P, Y ;Y +), then a
special subvariety of M is (T, w)-special if it is defined by some (connected) irreducible (T, w)-special
subdatum.
We also define notions such as (T, w)-special lattice subspaces, (T, w)-special S-subspaces, etc. in
the evident way.
(3) When we remove w ∈ W(Q) we get the notion of T-special sub-objects, similar to the Kuga
case studied in [6] 3.1: a T-special subdatum is an irreducible subdatum (P′, Y ′) ⊂ (P, Y ) such that
the image of (P′, Y ′) under the natural projection is (G′,X ′) a pure irreducible subdatum of (G,X)
with T equal to the connected center of G′; the notion of T-special subvarieties, etc. is understood in
the evident way. If (P, Y ) is pure, i.e. W = 1, then being (T, 1)-special is the same as T-special pure
subdata.
We will also use the following variant to state our main results on the equidistribution of special
subvarieties, inspired by the pure case studied in [29]. Subsets of closed subvarieties of a Q¯-variety of
finite type are always countable, hence we talk about sequences of special subvarieties indexed by N
instead of “families”, “collections”, etc.
Definition 3.7 (bounded sequence). Let M = Γ\Y + be a connected mixed Shimura variety defined by
(P, Y ;Y +) = W ⋊ (G,X;X+). Fix a finite set B = {(T1, w1), · · · , (Tr, wr)} with Ti a Q-torus in
G and wi ∈W(Q), i = 1, · · · , r. We call B a (finite) bounding set.
(1) A special subvariety of M is said to be bounded by B (or B-bounded) if it is (T, w)-special for
some (T, w) ∈ B. A sequence (Mn) of special subvarieties in M is said to be bounded by B if each
Mn is B-bounded.
(2) Similarly, a sequence of special lattice subspaces resp. of special S-subspaces is bounded by B if
its members are defined by (T, w)-special subdatum for (T, w) ∈ B.
(3) ForΩ resp. M the lattice space resp. the S-space associated toM we write PB(Ω) resp. PB(M )
for the set of canonical measures on Ω resp. on M associated to B-bounded special subvarieties.
Note that when (P, Y ) = (G,X) is pure, B is simply a finite set of Q-tori in G.
Remark 3.8 (conjugation by Γ). We consider a connected mixed Shimura variety of the form M =
Γ\Y + defined by (P, Y ;Y +) = W⋊ (G,X;X+) with Γ = ΓW ⋊ ΓG and fibred over S = ΓG\X+.
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Let Z be a (T, w)-special subvariety, defined by (P′, Y ′) = W′ ⋊ (wG′w−1, wX;wX+), with T the
connected center of G′.
The pre-image of Z under the uniformization ℘Γ : Y + → M is the union
⋃
γ∈Γ γY
′+
, hence a
subdatum (P′′, Y ′′;Y ′′+) defines the same special subvariety Z as (P′, Y ′;Y ′+) does if and only if
(P′′, Y ′′;Y ′′+) = (γP′γ−1, γY ′; γY ′+) for some γ ∈ Γ.
In our definition, T only depends on the image of Z in S, and we can conjugate T by ΓG; in the
unipotent radical, since ΓW acts on U(C)W(R) by translation, w and w′ give rise to the same special
subvariety if and only if w = γw′ for some γ ∈ ΓW. We thus conclude that the notion of (T, w)-special
subvarieties actually only depends on the class [T, w], by which we mean the ΓG-conjugacy class of T
in G and the coset ΓWw in ΓW\W(Q).
4. BOUNDED EQUIDISTRIBUTION OF SPECIAL SUBVARIETIES
We first consider the case when the bound B consists of one single element (T, w), and we write
P(T,w)(S ) in place of PB(S ) for S ∈ {Ω,M }. This is exactly the analogue of the T-special case
for pure Shimura varieties, and the main theorem of this section will rely on the following theorem of S.
Mozes and N. Shah:
Theorem 4.1 (Mozes-Shah, cf.[18]). Let Ω = Γ\H(R)+ be the lattice space associated to aQ-group of
type H and a congruence subgroup Γ ⊂ H(R)+. Write Ph(Ω) for the set of canonical measures on Ω
associated to lattice subspaces defined byQ-subgroups of type H . Then Ph(Ω) is compact for the weak
topology as a subset of the set of Radon measures on Ω, and the property of “support convergence” holds
on it: if νn is a convergent sequence in Ph(Ω) of limit ν, then we have suppνn ⊂ suppν for n ≥ N , N
being some positive integer, and the union
⋃
n≥N suppνn is dense in suppν for the analytic topology.
We begin with the strategy of the proof of the equidistribution of (T, w)-special subspaces and S-
subspaces, in comparison with the pure case treated in [8] [29] and the rigid Kuga case in [6]:
(i) For lattice subspaces, it suffices to show that P(T,w)(Ω) is a closed subset of Ph(Ω), namely if
νn is a sequence of canonical measures of limit ν, such that each νn is associated to Pdern from
some (T, w)-special subdata (Pn, Yn), then ν is also associated to Pderν from some (T, w)-
special subdatum (Pν , Yν). In fact:
(i-1) in the pure case, theQ-group Q generated by the union of semi-simpleQ-groups ⋃n>>0Pdern
is a semi-simple Q-group of type H , and is centralized by T the common connected center
of the Pn, and TQ is the Q-group of some T-special subdatum;
(i-2) in the Kuga case treated in [6], the Q-group Q generated by the union ⋃n>>0Pdern is of
the form V′ ⋊H′ with V′ unipotent and H′ semi-simple of type H , however there might
be infinitely many subdata (P′, Y ′) such that P′der = Q, because for any v ∈ V(Q) fixed
by G′der and P′ = V′ ⋊ (vG′v−1) we have P′der = V′ ⋊G′der, cf. [6] 2.19 and 3.6; to
exclude this situation we have restricted to the ρ-rigid case in [6], and results like [6] 3.5
and 4.5 show that the canonical measures associated to ρ-rigid subdata form a closed subset
of Ph(Ω);
(i-3) in the general case under the (T, w)-special assumption, the situation is similar to the pure
case (i-1), and we will construct a (T, w)-special subdatum out of the Q-group generated
by the union
⋃
n>>0P
der
n ; thanks to the specification of the unipotent element w, we do not
need any ρ-rigidity to ensure that the new datum is well defined.
(ii) For S-spaces, we follow a similar reduction following the pure case in [8], namely there exists
a compact subset C of Y + such that any (T, w)-special S-subspace in M can be defined by
some subdatum (P′, Y ′;Y ′+) satisfying Y ′+ ∩ C 6= ∅, and then we may repeat the remaining
arguments in [8].
The following lemma will be useful both in the pure case and in the mixed case.
Lemma 4.2 (maximal (T, w)-special subdata). For (P, Y ) = W⋊ (G,X) a mixed Shimura datum. If
(T, w) a pair as in 3.6, then the set of maximal (T, w)-special subdata of (P, Y ) is finite.
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Proof. If (G′,X ′) is a maximal T-special subdatum of (G,X), then W⋊(G′,X ′) = W⋊(wG′w−1, wX ′)
is a maximal (T, w)-special subdatum of (P, Y ) using w ∈ W(Q). Hence we are reduced to the pure
case.
If (G1,X1) ⊂ (G,X) is a T-special subdatum, then G1 is contained in the neutral component Z◦
of the centralizer ZGT, and Z◦ admits a decomposition into an almost direct product: Z◦ = CH′H′′
with C a Q-torus, H′ a semi-simple Q-group without compact Q-factors, and H′′ a semi-simple Q-
group without non-compact Q-factors. We put G′ = CH′, then the constructions in [29] 3.6 gives us a
maximal T-special subdatum (G′,G′(R)x) with x ∈ X1 arbitrary, cf. 2.10. Note that the Q-group G′
is determined by T and is independent of (G1,X1), thus maximal T-special subdata are associated to
G′. Hence by [29] 3.7 there are only finitely many maximal T-special subdata. 
Theorem 4.3 (equidistribution of (T, w)-special subspaces). Let S be the lattice space (resp. the S-
space) associated to a connected mixed Shimura variety M = Γ\Y + defined by (P, Y ;Y +) = W ⋊
(G,X;X+). Fix a pair (T, w) as in 3.6 and put B = {(T, w)}. Then the set PB(S ) is compact for
the weak topology, and the property of support convergence holds in it in the sense of 4.1.
We start with the case of lattice subspaces with (P, Y ) = (G,X) pure. In [8] G was assumed to
be of adjoint type, and in [29] the case of T-special subdata of (G,X) with G of adjoint type was
considered. Here we adapt some of their arguments for general reductive G.
Proof for lattice subspaces in the pure case. We have Ω = ΩG = Γ†G\Gder(R)+, hence PT(Ω) is a
subset of Ph(Ω) (as there is no unipotent vector w in this case). We proceed to show that PT(Ω) is
closed in Ph(Ω) for the weak topology. By the proof of 4.2 all the maximal T-subdata of (G,X) are
associated to a common reductive Q-subgroup GT of G, and the lattice subspace of T-special subdata
are actually lattice subspaces of
ΩGT = ℘ΓG((G
T)der(R)+) ∼= Γ
†
GT
\(GT)der(R)+
with Γ†
GT
= (GT)der(R)+ ∩ Γ†
G
. Hence we may identify PT(Ω) as a subset of Ph(ΩGT), the
latter being a closed subset of Ph(Ω). We assume for simplicity that G = GT, namely T equals the
connected center of G.
Take a sequence νn of canonical measures, which converges in Ph(Ω) to some ν. Each νn is asso-
ciated to a Q-group Gn of G coming from some T-special subdatum (Gn,Xn), with Ωn = suppνn =
℘ΓG(G
der
n (R)
+). The limit ν is associated to some connected Q-group G′ of type H , of support
Ων = ℘ΓG(G
′(R)+). We may assume for simplicity that
⋃
n≥0Ωn is contained in Ων as a dense
subset by restricting to a subsequence after dropping finitely many terms in the original sequence. In
particular, Ωn and Ων are smooth submanifolds of Ω the quotient of Gder(R)+ by translation of the
discrete subgroup Γ†
G
, and the inclusion Ωn ⊂ Ων implies the inclusion LieGdern ⊂ LieG′ by comput-
ing the tangent spaces of the common point ℘Γ(e), e being the neutral point of Gder(R)+. This gives
Gdern ⊂ G
′ ⊂ Gder.
Since T is the common connected center of G and Gn , we have the equality of centralizers ZGGn =
TZGderG
der
n for all n. Take any xn ∈ Xn, ZGGn(R) is compact modulo T as it centralizes xn(i).
Hence ZGderGdern is compact, and G′ is reductive by [11] Lemma 5.1. We thus obtain an inclusion
chain of connected semi-simple Q-groups Gdern ⊂ G′ ⊂ Gder, which extends to Gn ⊂ TG′ ⊂ G. Put
Gν = TG
′
, then 2.10 gives further an inclusion chain of T-special subdatum (Gn,Xn) ⊂ (Gν ,Xν) ⊂
(G,X) with Xν = Gν(R)xn for any xn ∈ Xn.
Therefore G′ = Gderν does come from some T-special subdatum, and ν is T-special. 
Note that we have constructed subdata of the form (Gν ,Gν(R)xn) using an arbitrary xn ∈ Xn for
all n ∈ N. Only finitely many T-subdata are obtained in this way due to 2.9.
From the proof we also obtain:
Lemma 4.4. Using the notations in the proof, Gν is generated by
⋃
nGn.
Proof. In the proof above we already have Gdern ⊂ G′ = Gderν for all n. Thus G′ contains H
the Q-subgroup generated by
⋃
nG
der
n in Gder. If H ( G′, then all the lattice subspaces Ωn =
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℘ΓG(G
der
n (R)
+) are contained in the subspace ℘ΓG(H(R)+) which is a proper submanifold of Ων ,
contradicting the density of
⋃
nΩn in Ων . Hence H = G′. 
Now we pass to the general mixed case:
proof of 4.3 for lattice subspaces. For any mixed Shimura subdatum (P′, Y ′) = W′ ⋊ (G′,X ′) of
(P, Y ), the equality P′der = W′ ⋊ G′der by 2.4(4) shows that P′der is of type H . Hence for
Ω = Γ†\Pder(R)+, P(T,w)(Ω) is a subset of Ph(Ω), and we need to show that P(T,w)(Ω) is closed in
Ph(Ω) for the weak topology, just as the pure case above.
We thus take a convergent sequence νn in Ph(Ω) of limit ν, such that νn ∈ P(T,w)(Ω), is associated
to some (T, w)-special subdatum (Pn, Yn) = Wn ⋊ (wGnw−1, wXn), and the support of νn is the
(T, w)-special lattice subspace Ωn = ℘Γ(Pdern (R)+), with Pdern = Wn ⋊ wGdern w−1. The limit ν
is associated to some Q-subgroup P′ of type H , with suppν = Ων = ℘Γ(P′(R)+). We assume for
simplicity that Ωn ⊂ Ων for all n, hence
⋃
nΩn is dense in Ων for the analytic topology.
Let ΓG be the image of Γ in G(R)+, which is a congruence subgroup of G(R)+, and we write
Γ†
G
= ΓG ∩G
der(R)+, together with π : Ω → ΩG = Γ†G\Gder(R)+ for the projection deduced from
π = πW : P → G the quotient modulo W. Then by 3.5, π∗νn is the canonical measure associated to
π(Pdern ) = G
der
n . We clearly have the convergence limn→∞ π∗νn = π∗ν, hence by the result in the pure
case, π∗ν is T-special, i.e. it is associated to some T-special subdatum (Gν ,Xν). Gν is generated by⋃
nGn, and the connected semi-simple Q-subgroup G′ = Gderν is generated by
⋃
nG
der
n . On the other
hand, it is direct from the construction that the image π(P′) of P′ modulo W in Gder is a Q-subgroup
of type H , and ℘ΓG(π(P′)(R)+) equals the support of π∗ν. Hence π(P′) = G′ = Gderν .
It is also clear that the unipotent Q-subgroup W′ := W ∩ P′ is the unipotent radical of P′ because
P′/W′ = G′, and we write V′ for the image of W′ in V = W/U, which makes W′ the central
extension of V′ by U′ := U ∩W′ under the restriction of ψ : V ×V → U. Just as the pure case, we
have inclusions of smooth submanifolds Ωn ⊂ Ων , which gives Pdern ⊂ P′ for all n. We want to show
that P′ is generated by
⋃
nP
der
n .
Let W′′ be the unipotent Q-subgroup of W generated by
⋃
nWn. Then reduction modulo U shows
that V′′ := W′′/U′′ is generated by
⋃
nVn with Vn = Wn/Un, and similarly U′′ := U ∩W′′ is
generated by
⋃
nUn =
⋃
nWn ∩U. The Q-groups Vn, Un, and Wn are stable under wGdern w−1 and
wTw−1, hence W′′ is stabilized by wG′w−1, by wTw−1, and by wGνw−1. Thus W′′ ⋊ wG′w−1 is
already a Q-subgroup of type H containing
⋃
nP
der
n . This forces the equality P′ = W′′ ⋊ wG′w−1
due to the density of
⋃
nΩn in Ων . In particular W′ = W′′ is a central extension of V′ = V′′ by
U′ = U′′, stable under the actions of wG′w−1, of wTw−1, and thus of wGνw−1.
We thus put Pν := P′wTw−1 = W′ ⋊ wGνw−1. It contains Pn for all n, and it is clear that
(Pν ,U
′,Pν(R)U
′(C)yn) is a (T, w)-special subdatum by 2.10. The equality Pderν = W′ ⋊ wG′w−1
shows that ν is (T, w)-special. 
proof of 4.3 for S-subspaces. The idea is similar to the pure case in [8] and the Kuga case treated in
[6](Section 5), and we merely sketch the main arguments.
• There exists a compact subset K(T, w) of Y + such that if M ′ ⊂ M is a (T, w)-special S-
subspace, then M ′ = ℘Γ(Y ′+) is given by some connected (T, w)-special subdatum (P′, Y ′;Y ′+),
with real part Y ′+ meeting K(T, w) non-trivially. In the pure case such a compact subset
K(T) ⊂ X+ is given in [8] 4.5; in the mixed case it suffices to take a compact subset C
of W(R) containing w and a fundamental domain for the action of ΓW on W(R), and then
K((T, w)) := (C ·X+) ∩ π−1(K(T)), the proof for which is the same as [6] 5.4.
• The set P(T,w)(M ) is compact for the weak topology: if µn is a sequence of (T, w)-special
canonical measures on M defined by (Pn, Yn;Y +n ), given as µn = κyn∗νn for yn ∈ K(T, w)
and νn the canonical measure associated to Ωn = Γ†n\Pdern (R)+, then up to restriction to subse-
quences, we may assume that yn converges to some y ∈ K(T, w) and (νn) converges to some
ν associated to a (T, w)-special subdatum (P′, Y ;Y ′+) with y ∈ Y ′+ ∩ K(T, w). Thus µn
converges to µ = κy∗ν.
The property of support convergence holds similarly. 
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Corollary 4.5 (bounded equidistribution). (1) For B a finite bounding set, S ∈ {Ω,M }, we have
PB(S ) =
⋃
(T,w)∈B P(T,w)(S ). In particular, PB(S ) is compact for the weak topology, in which
holds the support convergence.
(2) For S = Ω (resp. S = M ), the closure of a sequence of special lattice subspaces (resp. of
special S-subspaces) bounded by B for the analytic topology is a finite union of special lattice subspaces
(resp. of special S-subspaces) bounded by B.
Proof. (1) This is clear because PB(S ) is a finite union of compact subsets of the set of Radon mea-
sures on S . The property of support convergence holds because if a sequence (µn) converges to µ,
then it contains a subsequence that converges into P(T,w)(S ) for some (T, w) ∈ B. Hence the
ν ∈ P(T,w)(S ). All the convergent subsequence of (µn) are of the same limit, so it is not possible to
have an infinite subsequence lying outside P(T,w)(S ). Hence the sequence itself is in P(T,w)(S ).
(2) This is clear using the convergence of measures and the property of support convergence. 
Corollary 4.6 (bounded André-Oort). Let M be a connected Shimura variety defined by (P, Y ;Y +) =
(U,V) ⋊ (G,X;X+), with B a finite bounding set. Let (Mn) be a sequence of special subvarieties
bounded by B. Then the Zariski closure of ⋃nMn is a finite union of special subvarieties bounded by
B.
Proof. This is clear because analytic closure is finer than Zariski closure, and S-subspaces are Zariski
dense in the corresponding special subvarieties. 
Remark 4.7 (compact tori vs. algebraic tori). When V = 0 and Γ = ΓU ⋊ ΓG for some lattice ΓU in
U(Q) stabilized by ΓG a congruence subgroup of G(Q)+, the fibration M = Γ\Y + → S = ΓG\X+
is a torus group scheme over S, whose fibers are complex tori isomorphic to ΓU\U(C) ∼= (C/Z)d, d
being the dimension of U. Thus the S-space M = Γ\Y + is a real analytic subgroup of M relative to
the base S, whose fibers are compact tori isomorphic to ΓU\U(R) ∼= (R/Z)d in the split complex tori
ΓU\U(C), hence Zariski dense.
Using harmonic analysis on ΓU\U(R) one can prove that the analytic closure of a sequence of con-
nected closed Lie subtori in it is still a connected closed Lie subtorus, which implies that the Zariski
closure of a sequence of connected algebraic subtori in ΓU\U(C) is an algebraic subtorus, cf. [25]
Section 4.1. This can be viewed as a motivation for our notion of S-spaces.
5. LOWER BOUND OF THE GALOIS ORBIT OF A PURE SPECIAL SUBVARIETY
The results from this section on rely heavily on [29], especially the estimation on Galois orbits of
T-special subvarieties in pure Shimura varieties. Hence we assume that all the mixed Shimura (sub)data
we encounter are irreducible in the sense of 2.1(3). This actually forces the pure part to be irreducible,
due to the following lemma,
In [29] Lemma 2.1, a special subvariety S′ of a pure Shimura variety MK(G,X) is realized as the
image of a connected component of some morphism MK ′(G′,X ′)→MK(G,X), with G′ the generic
Mumford-Tate Q-group of S′, and K ′ = K ∩ G′(Qˆ). All the estimations concerning the T-special
subvarieties requires T to be the connected center of the generic Mumford-Tate Q-group G′. The mixed
case is similar: by 2.20 and the discussion in 2.24, it suffices to treat special subvarieties in M+ =
Γ\Y +, where Y + comes from some irreducible mixed Shimura datum (P, Y ) and Γ = P(Q)+ ∩ K
for any fixed compact open subgroup K ⊂ P(Qˆ); in M+ special subvarieties are obtained, using the
discussion in 2.18(1), as the image of Y ′+ ×K with Y ′+ ⊂ Y + coming from some subdatum (P′, Y ′),
and we may assume that P′ = MT(Y ′+) because this does not change Y ′+.
We start with some preliminaries on the reciprocity map describing the Galois action on the set of
connected components of pure Shimura varieties.
Definition 5.1 (connected components). Let G be a connected reductive Q-group. We write π◦(G)
for the set π0(G(A)/G(Q)−ρ(H(Qˆ))) where G(Q)− stands for the closure of G(Q) in G(A), and ρ :
H→ Gder is the simply-connected covering of Gder. Clearly π◦(G) = π0(G(A)/G(Q)−G(R)+ρ(H(Qˆ)).
24
Since G(Qˆ) is totally disconnected, the natural action of G(Qˆ) on G(A) by left translation gives an
action on π◦(G). For K ⊂ G(Qˆ), we denote the quotient by K of π◦(G) as π◦(G)/K . We also have
the natural action of π0(G(R)) on π◦(G).
From the finiteness of class numbers of linear algebraic group over global fields ([24] 8.1), we
know that for each K ⊂ G(Qˆ), the quotient π◦(G)/K is a finite abelian group. Hence π◦(G) =
lim←−K π◦(G)/K is a pro-finite abelian group.
In particular, if F is a number field, we have the Q-torus GFm = ResF/QGmF , and class field theory
gives us the reciprocity isomorphism recF : Gal(F ab/F ) ∼= π◦(GFm).
For a pure Shimura variety S = MK(G,X), the set of its geometrically connected components is
π0(S) = π◦(G)/G(R)+K , with G(R)+ acts through π0(G(R)+) ⊂ π0(G(R)).
Definition-Proposition 5.2 (reflex fields and reciprocity maps, cf. [9], [22], [29]). (1) Let (P, Y ) be a
mixed Shimura datum. The reflex field E(P, Y ) is the smallest subfield E of C such that Aut(C/E)
fixes the P(C)-conjugacy class of µy : GmC → PC, with µy the restriction of y : SC → PC toGm×{1}
via SC ∼= Gm ×Gm.
E(P, Y ) is a number field embedded in C. Whenever there is a morphism of mixed Shimura data
(P, Y ) → (P′, Y ′) we have E(P, Y ) ⊃ E(P′, Y ′). In particular, using the natural projection and the
pure section of (P, Y ) = W⋊ (G,X), we have E(P, Y ) = E(G,X).
(2) If (T, x) is a pure Shimura datum with T a Q-torus, then E = E(T, x) is the field of definition
of µx : GmC → TC, and the reciprocity map of (T, x) is the composition
recx : Gal(E
ab/E) ∼= π◦(G
E
m)
µx
−→ π◦(T
E)
NmE/Q
−→ π◦(T)
with TE = ResE/QTE and NmE/Q induced by the norm E× → Q×.
For a general pure Shimura datum (G,X) of reflex field E = E(G,X), we still have a continuous
homomorphism, referred to as the reciprocity map:
recX : Gal(E
ab/E) ∼= π◦(G
E
m)
µX−→ π◦(G)
and the action of Gal(Q¯/E) on π0(MK(G,X)) is through translation by the homomorphism
Gal(Q¯/E)→ Gal(Eab/E)→ π◦(G)→ π◦(G)/G(R)+K.
Each connected component of MK(G,X) is defined over a finite abelian extension of E.
The reciprocity maps are functorial with respect to morphisms between Shimura data and between
Shimura varieties.
Assumption 5.3. In our study of special subvarieties, we will be mainly concerned with the following
situation: M = MK(P, Y ) is a mixed Shimura variety defined by (P, Y ) = W ⋊ (G,X) at some
level K = KW ⋊KG of fine product type. We fix Y + = U(C)W(R)X+ a connected component of
Y lying over a connected component X+ in X, and we have a fixed connected mixed Shimura variety
M+ = Γ\Y +, with Γ = P(Q)+ ∩K .
We study special subvarieties in M+ that are of the form ℘Γ(Y ′+), coming from connected subdatum
(P′, Y ′;Y ′+) of (P, Y ;Y +). Similar to the case of Kuga varieties, cf. [6] 2.12 and 2.13, all special
subvarieties are obtained this way, as long as one passes to different connected components of M using
Hecke translates, cf. 2.14. In particular, the special subvariety ℘Γ(Y ′+) is a connected component of
the image MK ′(P′, Y ′) → MK(P, Y ) where K ′ is some compact open subgroup of P′(Qˆ) contained
in K .
The fine product condition on K shows that the natural projection MK(P, Y )→ S :=MKG(G,X)
has a section given by (G,X) →֒ (P, Y ), so S is identified as a closed subscheme of M . Similarly,
M+ is fibred over S+ = ΓG\X+ with ΓG = G(Q)+ ∩KG and S+ is a closed subscheme of M+ by
the pure section.
We write E for the reflex field of (P, Y ), and we study the Galois orbits of the form Gal(Q¯/E) · S′
for S′ a special subvariety in S+, as well as its mixed analogue. Note that the orbit may exceed S+. We
can nevertheless restrict to orbits under Gal(Q¯/E+) withE+ the field of definition of S+ corresponding
to the kernel of Gal(Eab/E)→ π◦(G)/G(R)+KG. The difference is bounded by #π0(MKG(G,X))
which is constant when we fix K = KW ⋊KG.
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Finally, when we mention irreducible mixed Shimura (sub)data (P, Y ), we require that for some
connected component Y + of Y we have P = MT(Y +).
The original estimation in [29] 2.19 requires G to be of adjoint type. We prefer the following version
for general reductive G:
Theorem 5.4 (lower bound involving splitting fields). Let S = MK(G,X) be a pure Shimura variety
with reflex field E at some level K ⊂ G(Qˆ) of fine product type. Write L = LK for the automorphic
line bundle on S, namely the ample line bundle of top degree automorphic forms on S, such that a fixed
positive power of L defines the Baily-Borel compactification of S. We also fix an integer N > 0.
Let T be a non-trivial Q-torus in G, with splitting field FT, arising as the connected center of G′
for some irreducible pure subdatum (G′,X ′) of (G,X). Assume that the GRH holds for FT. Then the
following inequality holds for any T-special subvariety S′ ⊂ S defined by (G′,X ′):
degL (Gal(Q¯/E) · S
′) ≥ cNDN (T) ·
∏
p∈∆(T,K)
max{1, I(T,Kp)}
where
• DN (T) = (logD(T))
N with D(T) the absolute discriminant of the splitting field of FT;
• ∆(T,K) is the set of rational primes p such that KT,p ( KmaxT,p , with
– KT,p = T(Qp) ∩Kp
– Kmax
T,p the maximal compact open subgroup of T(Qp)
and ∆(T,K) is finite, i.e. KT,p = KmaxT,p for all but finitely many p;
• I(T,Kp) = b[K
max
T,p : KT,p];
• cN , b ∈ R>0 are constants independent of K,T; moreover b is independent of N .
The proof makes use of a few useful uniform bounds , among which we single out the following (cf.
[29] 2.4, 2.5):
Lemma 5.5 (uniform bounds). Let (G,X) be a pure Shimura datum, and write dG for the dimension
of G. Then:
(1) If T is aQ-torus in G, then the degree of the splitting field FT of T is uniformly bounded in terms
of dG.
(2) If (G′,X ′) is a pure subdatum of (G,X), then the degree of the reflex field E′ = E(G′,X ′) is
uniformly bounded in terms of dG. In fact we can find a Q-torus H in G whose splitting field contains
E(G′,X ′).
Of course by being uniformly bounded in terms of dG we mean being less than some positive constant
that only depends on dG.
Sketch of the proof of 5.4. We adapt the strategy in [29] Subsection 2.2 (from Definition 2.10 to Theo-
rem 2.19) into two steps:
Step 1. For (G′,X ′) a general pure Shimura datum and S′ a connected component of MK ′(G′,X ′),
with reflex field E′ = E(G′,X ′), LK ′ the automorphic line bundle, T the connected center of
G′, and FT the splitting field of T, we have
degLK′ (Gal(Q¯/E
′) · S′) ≥ c′NDN (T) ·
∏
p∈∆(T,K ′)
max{1, I(T,K ′p)}
under the GRH for FT, where DN (T) is the N -th power of the logarithm of the absolute dis-
criminant of FT, ∆(T,K ′) and I(T,K ′p) are defined in the same way as in the statement of 5.4
with K replaced by K ′. The definition of I(T,K ′p) = b′[K ′maxT,p : K ′T,p] involves some absolute
constant b′ that only depends on the dimension dG′ of G′ and some fixed faithful representation
ρ′ : G′ →֒ GLΛ,Q with Λ some free Z-module of finite rank, and the constant c′N only depends
on dG′ , ρ
′ and N .
Note that when G is of adjoint type this is Theorem 2.19 of [29]. The proof for general G
is almost the same, and one needs to modify some estimation of absolute constants: when G is
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of adjoint type, the Hodge structures defined by x ∈ X on algebraic representations of G (such
as Λ) are of weight zero; for general G the weight is not necessarily zero, but only one such
representation Λ is involved, and only finitely many Hodge types arise when x runs through X
(and is actually independent of the choice of x), hence one obtains estimations similar to [29]
2.13 and [30] 2.13.
Step 2. When we consider T-special subvarieties f(S′) realized as the image of some connected com-
ponent S′ of MK ′(G′,X ′) along f : MK ′(G′,X ′) → MK(G,X) with K ′ = K ∩G′(Qˆ), we
have
degL f(S
′) ≥ degLK′ S
′
which is adapted from [14] 5.3.10, cf. 5.6 below. We use a fixed faithful representation ρ : G →֒
GLΛ,Q whose restriction to G′ gives the representation ρ′ in Step 1. Note that K ′ = K∩G′(Qˆ)
hence ∆(T,K ′) = ∆(T,K) and [K ′max
T,p : K
′
T,p] = [K
max
T,p : KT,p] for p ∈ ∆(T,K). From
this the desired estimation on the degree of Gal(Q¯/E) · f(S′) is obtained, after replacing c′N
and b′ by some new constants that only depend on dG, ρ, and N . In particular, the constants cN
and b do not depend on K and T.
It should be mentioned that the estimation in Step 1 involves the morphism π′ : MK ′(G′,X ′) →
MK ′m(G
′,X ′) where K ′m = K ′m3 ×
∏
p 6=3K
′max
p , where
• K ′maxp := K
′
pK
max
T,p only enlarges K ′p using the maximal compact open subgroup KmaxT,p of
T(Qp);
• for p = 3, K ′m3 = K ′max3 ∩KΛ3 where KΛ3 is a fixed neat compact open subgroup of GLΛ(Z3),
and [K ′max3 : K ′m3 ] is bounded by some constant that only depends on the rank of ρ′.
π′ is finite étale of degree [K ′m : K ′] by [29] 2.11, and by [29] 2.12 the degree of Gal(Q¯/FT) · S′ is at
least the degree of Gal(Q¯/FT) ·S′∩π′−1π′(S′) times the cardinality of the Gal(Q¯/FT)-orbit of π′(S′).
Under the GRH for FT, this latter cardinality is at least DN (T) up to some absolute constant, following
the proof of [29] 2.13, and the former degree is at least I(T,K ′) up to some absolute constant, following
[29] 2.16, 2.17, and 2.18. 
Lemma 5.6 (generic injectivity). Let (G′,X ′) ⊂ (G,X) be an inclusion of pure Shimura data. Assume
that (G′,X ′) and (G,X) are irreducible, and let K ⊂ G(Qˆ) be a neat compact open subgroup. Put
K ′ = K ∩G′(Qˆ), then
(1) we have TG′ ⊃ TG, where TG′ resp. TG is the connected center of G′ resp. of G;
(2) the morphism f :MK ′(G′,X ′)→MK(G,X) is generically injective;
(3) degL f(S′) ≥ degL ′ S′ for L resp. L ′ the automorphic line bundle on MK(G,X) resp. on
MK ′(G
′,X ′), and S′ any connected component of MK ′(G′,X ′).
Proof. (1) Note that G′ is a Q-subgroup of G, and it normalizes Gder. Hence G′Gder is already a
Q-subgroup of G. Take an arbitrary x ∈ X ′, we have x(S) ⊂ G′R. Conjugate x by an arbitrary
g = th ∈ G(R) with t ∈ TG(R) and h ∈ Gder(R), we have t(x) = Int(t) ◦ x = x because t
is central in G(R) and thus g(x) = h(x) = Int(h) ◦ x has image in G′Gder. Since X = G(R)x,
by 2.10 we get a subdatum (G′Gder,X = G′(R)Gder(R)x), and the irreducibility of (G,X) gives
G = G′Gder. Clearly we have G′der ⊂ Gder, and G′ = TG′G′der and G = TGGder, hence the
inclusion TG ⊂ TG′ .
(2) Let N := NGG′ be the normalizer of G′ in G. By the arguments in [29] Lemma 2.2, N is
reductive.
We claim that the quotient N/G′ is compact. Since N ⊃ G′ ⊃ TG, we have N/G′ = Nad/G′ad,
where G′ad is the image of G′ in Gad := G/TG, and Nad is the normalizer of G′ad in Gad, equal
to the reduction modulo TG of N, and thus the equality N/G′ = Nad/G′ad. Since (G′ad,X ′ad) =
(G′,X ′)/TG is a subdatum of (Gad,Xad) := (G,X)/TG with Gad semi-simple, the centralizer of
G′ad in Gad is compact because it commutes with x(i) for any x ∈ X ′ad in Gad(R). The neutral
component N◦ad admits an almost direct product of the form G′adL′, with L commuting with G′ad,
hence L is compact, from which we get the compactness of N/G′ = Nad/G′ad.
Since K is neat, we have N(Q)∩K = G′(Q)∩K , and repeat the arguments in [29] gives the generic
injectivity of f :MK ′(G′,X ′)→MK(G,X).
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(3) The sheaf ΛK,K ′ = f∗L ⊗L ′−1 is nef by [14] 5.3.5. It remains to argue as in [14] 5.3.10, using
the generic injectivity proved in (2), because the original proof of 5.3.10 requires G to be of adjoint type
only for the generic injectivity of f using [29] Lemma 2.2. 
The reader might be left with the impression that in order to adapt the strategy in [14] and [29] for
general mixed Shimura varieties one might need to assume the GRH for all the splitting fields FT for
the T-special subvarieties involved. Actually we have:
Lemma 5.7 (reduction to CM fields). In order to prove the André-Oort conjecture, it suffices work
with a connected mixed Shimura variety M = Γ\Y + defined by a connected mixed Shimura datum
(P, Y ;Y +) = W ⋊ (G,X;X+) such that if (P1, Y1;Y +1 ) is an irreducible (T, w)-special subdatum
of (P, Y ;Y +), then the splitting field FT of T is a CM field.
Proof. By 2.22, 2.23, and the discussion in 2.24, the André-Oort conjecture is already reduced to mixed
Shimura varieties defined by subdata of (G0,X0) × (L, YL), where G0 is semi-simple of adjoint type,
and (L, YL) = N⋊(H,XH) is a product of finitely many mixed Shimura data of Siegel type. If (P′, Y ′)
is an irreducible (T, w)-special subdatum of (G0,X0)× (L, YL), then T is the connected center of G′
coming from some irreducible subdatum (G′,X ′) ⊂ (G0,X0)× (H,XH), with H a product of finitely
many GSpVj . In particular, the connected center of H is a split Q-torus.
Consider the image (G′′,X ′′) of (G′,X ′) along (G0,X0) × (Had,XadH ), where Had is the adjoint
quotient of H. Since the kernel of H → Had is a split Q-torus, and the image of T in G′′ is the
connected center T′′ of G′′, we see that the kernel T′ of T → T′′ is a Q-group of multiplicative type
isogeneous to a split Q-torus. In particular, take the character group X(T) = HomQ¯−Gr(TQ¯,GmQ¯) we
get an commutative diagram with exact rows
0 // X(T′′)
⊂
//
∩

X(T) //
∩

X(T′)

0 // X(T′′)⊗Z Q
⊂
// X(T)⊗Z Q // X(T
′)⊗Z Q // 0
where the morphisms are equivariant with respect to the evident action of Gal(Q¯/Q). The first two
vertical maps are inclusion because T and T′′ are Q-torus, and Gal(Q¯/Q) acts on X(T′)⊗ZQ because
T′ is a Q-subgroup of the split center of H. Diagram chasing shows that the actions of Gal(Q¯/Q) on
X(T′′) and on X(T) have the same kernel, which means T and T′′ have the same splitting field, which
is a CM field by [30] 2.3. 
Remark 5.8 (irreducible subdata). Although we do not repeat all the proofs in [29], we remark that the
condition of G being of adjoint type could be relaxed into requiring (G,X) to be irreducible for the
first half of Section 1 of [29], using our lemma 5.6. In [29] 2.13, one needs G to be of adjoint type so
that the splitting fields of the connected centers of irreducible T-special subdata are CM fields (for T
non-trivial). We cannot achieve this for general G unless we make use of the reduction 5.7 to modify
the defining data.
In the rest of this section, only the next theorem requires the GRH for the splitting field FT for the
estimation of Galois orbits of pure special subvarieties in the (T, w)-special case. The CM version will
be needed in the last section, where we work under 6.1 and all the splitting fields are CM fields.
Theorem 5.9 (orbit of a pure special subvariety). Let (P, Y ) = W ⋊ (G,X) be a mixed Shimura
datum, with E its reflex field, and M = MK(P, Y ) the mixed Shimura variety it defines at some level
K of fine product type. Write π :M → S =MKG(G,X) for the natural projection and ι(0) : S →֒M
the pure section. Denote by L the pull-back π∗LS , with LS the canonical line bundle on S. We also
fix an integer N > 0.
Let M ′ be a pure special subvariety of M defined by a subdatum of the form (wG′w−1, wX ′;wX ′+)
for some T-special pure subdatum (G′,X ′) ⊂ (G,X) with T non-trivial Q-torus and w ∈ W(Q).
Then we have the following lower bound assuming the GRH for the splitting field FT of T, using the
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same constants cN , b and the notations as in 5.4:
degL (Gal(Q¯/E) ·M
′) ≥ cNDN (T)
∏
p∈∆(T,KG(w))
max{1, I(T,KG(w))}
where DN (T) = (logD(T))N , KG(w) = {g ∈ KG : wgw−1g−1 ∈ KW} and I(T,KG(w)p) =
b[Kmax
T,p : KT(w)p] with KT(w) = KG(w) ∩T(Qˆ).
Before entering the proof, we first justify some notations in the statement:
Lemma 5.10. In 5.9, KG(w)p = G(Qp)∩KG(w) is a compact open subgroup contained in KG,p, and
it is equal to KG,p for all but finitely many p’s. In particular, KG(w) =
∏
pKG(w)p is of fine product
type.
Proof. For all but finitely many p’s, we have w ∈ W(Q) ∩ KW,p and wgw−1g−1 ∈ KW,p for all
g ∈ KG,p as KG stabilizes KW.
When w /∈ KW,p, write w = (u, v) for some u ∈ U(Q) and v ∈ V(Q). We have seen in 2.5
that wn = (nu, nv), hence wn ∈ KW for n a multiple of some constant integer N > 0. In par-
ticular, the subgroup KV[v] generated by v and KV in V(Qˆ) is compact, the subgroup generated by
ψ(KV[v],KV[v]), u and KU is compact, and thus they generate a compact open subgroup KW[w] of
W(Qˆ) in which KW is cofinite, and its stabilizer in KG is cofinite, hence the claim on KG(w). 
The proof of 5.9 is easily reduced to the following:
Lemma 5.11 (finite index). The action of Gal(Q¯/E) on MKw
G
(wGw−1, wX) is identified with its
action on MKG(w)(G,X) where KwG = wG(Qˆ)w−1 ∩KW ⋊KG.
Proof. We notice thatKw
G
= wG(Qˆ)w−1∩KW⋊KG is equal towKG(w)w−1, because (w, 1)(1, g)(w−1 , 1) =
(wg(w−1), g) = (wgw−1g−1, g) for w ∈ W and g ∈ G. From the isomorphism wGw−1 ∼= G we
get an isomorphism of pure Shimura data (wGw−1, wX) ∼= (G,X), and thus an isomorphism of pure
Shimura varieties λ : M(w) := MKw
G
(wGw−1, wX) ∼= S(w) := MKG(w)(G,X). From the equality
w(KW ⋊KG(w))w
−1 = wKWw
−1 ⋊Kw
G
as compact open subgroups in P(Qˆ), we deduce that the
Hecke translation τw (defined in 2.14(2)), namely the isomorphism
τw :MwKWw−1⋊KwG(P, Y ) =Mw(KW⋊KG(w))w−1(P, Y )→MKW⋊KG(w)(P, Y )
restricts to the isomorphism λ : M(w) ∼= S(w) above, where M(w) resp. S(w) is regarded as a
pure section of MwKWw−1⋊KwG(P, Y ) resp. of MKW⋊KG(w)(P, Y ) using the equality (P, Y ) = W ⋊
(wGw−1, wX) resp. (P, Y ) = W⋊(G,X). Since the Hecke translation τw is an isomorphism defined
over the common reflex field E = E(G,X), it transports the action of Gal(Q¯/E) on S(w) to that on
M(w), hence the claim. 
Proof of 5.9. We have the commutative diagram:
M(w)
ι(w)
//
λ

M
pi

S(w)
f
// S =M(0)
with ι(w) the inclusion of the pure special subvariety M(w) →֒ M . Since λ is an isomorphism, the
degree of a closed subvariety Z in M(w) against ι(w)∗π∗LS is the same as the degree of λ(Z) ⊂
S(w) against f∗LS = LS(w), with the last equality by [14] 5.3.2(1). Taking Z to be the pure special
subvariety defined by (wG′w−1, wX ′;WX ′+), then its image under λ is the special subvariety in S(w)
defined by (G′,X ′;X ′+). Using 5.4 with KG replaced by KG(w) we get
degL (Gal(Q¯/E)·M
′) = degLS(w)(Gal(Q¯/E)·λ(M
′)) ≥ cNDN (T)
∏
p∈∆(T,KG(w))
max{1, I(T,KG(w))}.

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Remark 5.12 (unipotent Hecke translation). We have seen in the proof of 5.11 that the Hecke translation
τw (namely conjugation by w−1 cf. 2.14(2)) gives w(KW ⋊KG)w−1 ∼= (wKWw−1)⋊KwG under the
assumption KG = KG(w), hence the isomorphism MwKw−1(P, Y ) → MK(P, Y ) sending the pure
section given by (wGw−1, wX) to the one given by (G,X).
In particular, if ψ = 0, then W is commutative, which gives us equalities wKWw−1 = KW and
w(KW ⋊KG)w
−1 ∼= wKWw
−1 ⋊Kw
G
. In this case, if we have KG = KG(w), then conjugation by
w−1 defines an automorphism of MK(P, Y ) translating the pure section MwKGw−1(wGw
−1, wX) to
MKG(G,X).
If we are in the Kuga case U = 0, then we are again led to the picture of torsion sections of abelian
schemes. The natural projection π : M = MKV⋊KG(V ⋊ G,V(R)X) → S = MKG(G,X) is an
abelian S-scheme. If v ∈ V(Q) is of order n in V(Qˆ)/KV, then the maximal pure Shimura subvariety
defined by (vGv−1, vX) is contained in M [n] the n-torsion part of π : M → S. It is a section to π if
and only if KG = KG(v). Similarly, if V = 0 6= U, then π : M = MKU⋊KG(U ⋊G,U(C)X) →
S = MKG(G,X) is an S-torus, and in this case an element u ∈ U(Q) satisfying KG = KG(u) gives
a torsion section M(u) using formulas similar to the Kuga case. This also allows us to talk about the
case ψ = 0 where W ∼= U⊕V is a commutative unipotent Q-group, and the results are parallel.
We want to take a closer look at the term I(T,KG(w)). In [29] 3.15, the faithful representation
ρ : G → GLΛ,Q leads to an inequality I(T,Kp) ≥ c · p for all prime p such that p is unramified
in the splitting field of T and that Kp = GLΛ(Zp) ∩G(Qp). In our case, besides the representation
ρ we have further ρU and ρV in the definition of mixed Shimura data, and we want to show that for
p ∈ ∆(T,KG(w)) we have further I(T,KG(w)p) ≥ c · ordp(w,KW), using the following definition:
Definition 5.13 (torsion order). Let W be the unipotent radical of P from some mixed Shimura datum
(P, Y ) = W ⋊ (G,X), which is a central extension of V by U via ψ. The order of w with respect
to a compact open subgroup KW ⊂ W(Qˆ) is the smallest integer n > 0 such that wN ∈ KW for all
N ∈ nZ.
If KW is the subgroup of W(Qˆ) generated by compact open subgroups KU ⊂ U(Qˆ) and KV ⊂
V(Qˆ) via ψ (satisfying ψ(KV × KV) ⊂ KU), then by writing w = (u, v) for u ∈ U(Q) and
v ∈ V(Q) we see that ord(w,KW) is the least common multiple of ord(u,KU) and ord(v,KV),
where ord(u,KU) is the order of the class [u] in the torsion abelian group U(Qˆ)/KU, and similarly for
ord(v,KV). The order for W(Qˆ)/KW is thus well-defined, although the quotient is only a pointed set
with an action of Z, rather than a group.
If the KU and KV above are of fine product type, then we have ord(w,KW) =
∏
p ordp(w,KW),
where ordp(w,KW) is the order of w in W(Qp)/KW,p. The product makes sense because w ∈ KW,p
for all but finitely many p’s, i.e. ordp(w,KW) = 1 for almost every p. We also have ordp(w,KW) =
max{ordp(u,KU), ordp(v,KV)}when we writew = (u, v). Note that the abelian groups U(Qp)/KU,p
and V(Qp)/KV,p are p-torsion groups, the torsion orders ordp(u,KU) and ordp(v,KV) are p-powers,
hence so it is with ordp(w,KW).
Example 5.14 (torsion order in the Siegel case). We first consider the torsion order in the Siegel case,
using the mixed Shimura datum defined in 2.17. We have a symplectic form ψ : V ⋊ V → U with
U = Ga, the extension W of V by U, and we have the pure Shimura datum (G,X) = (GSpV,HV),
as well as the mixed Shimura datum (P, Y ) = W ⋊ (G,X), the reflex field of which is Q. Taking
a compact open subgroup K = KW ⋊ KG of fine product type, we have the mixed Shimura datum
M =MK(P, Y ) fibred over S =MKG(G,X).
Note that (GSpV,HV) is irreducible. In fact SpV is the minimal Q-subgroup of GSpV whose
base change to R contains all x(S1) for x ∈ HV and S1 = Ker(NmC/R : S → Gm,R), otherwise
the Hermitian symmetric domain H +
V
could be produced from H(R)+ by some smaller reductive Q-
subgroup H ( SpV using 2.10, contradicting the classification of simple Hermitian symmetric spaces;
and for any x ∈ HV, the image of Gm,R in S (corresponding to R× ⊂ C×) along x is a central R-torus
of GSpV,R, and coincides with the center of GSpV,R, hence GSpV is already the generic Mumford-Tate
group of HV. Let (G′,X ′) be an irreducible pure subdatum of (G,X), with T the connected center
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of G′. Since (GSpV,HV) is already irreducible, by 5.6(1) we see that T contains Gm the center of
GSpV.
The center Gm of G = GSpV acts on V by central scaling, and it acts on U by the square of central
scaling. Taking a compact open subgroup KG of G(Qˆ) of the form KGmKGder and KU, KV, KW as
in 2.15, we see that KT = T(Qˆ) ∩KG ⊃ KGm .
In particular, for any w ∈W(Q) and p ∈ ∆(T,KG(w)) we have
[KmaxT,p : KT(w)p] ≥ [K
max
Gm,p : KGm(w)p].
Write w = (u, v) for u ∈ U(Q) and v ∈ V(Q). KmaxGm,p ∼= Z
×
p acts on U(Qp)/KU,p by automorphism
t(u¯) = t2u where t ∈ Z×p and the bar stands for the class modulo KU,p. The action preserves the
order ordp(u,KU), and it stabilizes the image of Z×p u modulo KU, which is isomorphic to Zp/pm with
pm = ordp(u,KU). Hence the cardinality of the quotient [KmaxGm,p : KGm,p] is equal to
#{t2 : t ∈ (Zp/p
m)×} =
1
2
#(Zp/p
m) =
p− 1
2p
ordp(u,KU).
The case of V is similar: Gm is the common center of GLV and GSpV, hence
[KmaxGm,p : KGm(w)p] ≥
p− 1
p
ordp(v,KV)
and combining it with the case of U we get
[KmaxT,p : KT(w)p] ≥
1
4
ordp(w,KW).
Proposition 5.15 (torsion order in the product case). Let (P, Y ) = W⋊(G,X) be an irreducible mixed
Shimura subdatum of a product datum of finitely many mixed Shimura data of Siegel type (including
Kuga data) (L, YL) = N ⋊ (H,XH) =
∏
j(Pj ,Uj) × (Q,V ), with (G,X) ⊂ (H,XH). Let K =
KN ⋊KH be a compact open subgroup of fine product type restricting to KP = KW ⋊KG.
Let (P′, Y ′) := W′ ⋊ (wG′w−1, wX ′) be an irreducible (T, w)-special subdatum of (P, Y ), with
w ∈W(Q) non-trivial. Keeping the notations as in 5.9, we have:
(1) for p ∈ ∆(T,KG(w)) we have I(T,KG(w)p) ≥ c · ordp(w,KW), c being some constant
independent of K and T;
(2) there is a constant integer N > 0 such that wN ∈ KW,p for p /∈ ∆(T,KG(w)), and N is
independent of (G′,X ′), T, and K .
Proof. Since (P′, Y ′) = W′ ⋊ (wG′w−1, wX ′) is irreducible, (G′,X ′) is irreducible by 2.11. Take
any connected component X ′+ of X ′, we have G′′ := MT(X ′+) with G′′der = G′der, and strictly irre-
ducible data (G′′,X ′′) with X ′′ = G′′(R)X ′+ and (P′′, Y ′′) = W′⋊ (wG′′w−1, wX ′′). (G′′,X ′′) be-
ing a strictly irreducible pure Shimura subdatum of (H,XH) = (GSpV1 ,HV1)×· · ·×(GSpVn ,HVn),
we have X ′′+ = X ′+ ⊂ X+
H
for some connected component X+
H
of XH, and this gives an inclusion
of strictly irreducible pure Shimura data (G′′,X ′′) ⊂ (H′,X ′
H
= H′(R)X+
H
), where H′ is the Q-
subgroup generated by Hder =
∏
SpVj and a central split Q-torus Gmm which acts on each Vj by the
central scaling. From 5.6(1) we get Gm ⊂ T′ with T′ the connected center of G′. Since G′ ⊂ G and
G′der = Gder, we get Gm ⊂ T′ ⊂ T.
We write C for this split Q-torus so as to avoid ambiguities with other Gm, like those arising as the
connected centers of the GSpVj .
(1) The inclusion C ⊂ T gives KC(w) ⊂ KT(w) ⊂ KG(w), and for any prime p we have
KC(w)p ⊂ KT(w)p ⊂ KG(w)p andKmaxC,p ⊂ KmaxT,p . The cardinality KmaxC,p /KC(w)p resp. KmaxT,p /KT(w)p
equals the cardinality of the Kmax
C,p -orbit resp. the KmaxT,p -orbit of the class of w in the quotient set
KW,p\W(Qp), hence for p ∈ ∆(T,KG(w)) i.e. KmaxT,p ) KT(w)p we have
[KmaxT,p : KT(w)p] ≥ [K
max
C,p : KC(w)p] ≥
1
4
ordp(w,KW)
where the last inequality follows from 5.14: although w comes from W(Q) with W an extension of
V by U, what matters is that Kmax
C,p = Z
×
p acts on V(Qp) by the central scaling and on U(Qp) by
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the square of central scaling, and the estimation in 5.14 applies. It remains to put c = b/4 using
I(T,KG(w)p) = b[K
max
T,p : KT(w)p].
(2) For p /∈ ∆(T,KG(w)) we have KmaxT,p = KT,p = KT(w)p, and in this case KmaxC,p = KC,p ∼=
Z×p : if KC,p = KT,p ∩C(Qp) is not maximal, then we get KmaxC,p KT,p ) KmaxT,p which is absurd. For
any g ∈ KT,p, we have wgw−1g−1 ∈ KW,p. Take g = t ∈ KC,p = Z×p we have
wgw−1g−1 = (u− t2u− ψ(v, tv), v − tv, 1) = (u− t2u, v − tv, 1) ∈ KW,p
where we use ψ(v, tv) = tψ(v, v) = 0.
Concerning the term v − tv = (1 − t)v: for p ≥ 3, we may take t = 2 ∈ Z×p , and v − tv ∈ KV
implies v ∈ KV; for p = 2, we still have 3 ∈ Z×p , which gives 2v ∈ KV.
Concerning the term u − t2u = (1 − t2)u: for p ≥ 5, the subgroup {t2 : t ∈ Z×p } is a subgroup of
index 2 in Zp, which contains 1 + pZp as a proper subset. In particular we can find t ∈ Z×p such that
1 − t2 is a unit in Zp, hence u ∈ KU in this case. For p ≤ 3, we can still find t ∈ Z×p such that 1 − t2
divides 12.
Hence it suffices to take N = 12. 
Corollary 5.16 (torsion order in the embedded case). Let (P, Y ) = W⋊ (G,X) = (U,V)⋊ (G,X)
be a subdatum of a product of the form (G0,X0) × (L, YL) with G0 of adjoint type, (L, YL) = N ⋊
(H,XH) = (UN,VN)⋊ (H,XH) a finite product of mixed Shimura data of Siegel type and (G,X) ⊂
(G0,X0)× (H,XH). We write (H,XH) = (GSpV1 ,HV1)× · · · × (GSpVn ,HVn). Let K = KN ⋊
(KG0 ×KH) be a compact open subgroup of fine product type, which restricts to KP = KW ⋊KG.
If (P′, Y ′) = W′ ⋊ (wG′w−1, wX ′) is a strictly irreducible (T, w)-subdatum of (P, Y ) for some
w ∈W(Q), then using the notations in 5.9 we have:
(1)I(T,KG(w)p) ≥ c · ordp(w,KW), c being some constant independent of (G′,X ′), K , and T;
(2) there is a constant integer N > 0 such that wN ∈ KW,p for p /∈ ∆(T,KG(w)), and N is
independent of (G′,X ′), K , and T.
Proof. Let x = (x0, x1) be a point in X0×XH from the datum (G0,X0)× (H,XH), and let GmR ⊂ S
be the split R-torus corresponding to R× ⊂ C×. Then x1(GmR) acts on VN,R via the central scaling
and on UN,R via the square of the central scaling, while x0(GmR) is trivial, because by 2.1(i) x0 sends
GmR into the center of G0 which is trivial. Let C be the split Q-torus isomorphic to Gm in H =
GSpV1×· · ·×GSpVn which is the diagonal ofGm×· · ·×Gm, as we have seen in 2.17(3) (we write C
instead of Gm so as to avoid ambiguities with the connected centers of GSpVj ). C is one-dimensional,
and we have shown that for any given x ∈ X0 ×XH, C is the minimal Q-subtorus in G0 ×H whose
base change to R contains x(GmR), and in fact CR = x(GmR).
When x runs through X ′, the generic Mumford-Tate group G′ = MT(X ′+) for some connected
component X ′+ of X ′ necessarily contains C because G′R ⊃ x(GmR) = CR. Clearly C is central in
G0 ×H, hence it is central in G′, and we get C ⊂ T. It remains to argue as in 5.15.
Note that the constants c and N are the same as in 5.15. 
Remark 5.17 (torsion order in general). (1) The corollary 5.16 above is sufficient for the study of André-
Oort conjecture for mixed Shimura varieties using the reductions 2.22 and 2.23. For a general mixed
Shimura datum (P, Y ) = W ⋊ (G,X) mapped into (G0,X0) × (L, YL) with finite kernel, where
(L, YL) = N ⋊ (H,XH) is a product of mixed Shimura data of Siegel type with (G,X) mapped into
(H,XH), the image of a strictly irreducible (T, w)-special subdatum (P′, Y ′) = W′⋊(wG′w−1, wX ′)
in (L, YL) is a strictly irreducible subdatum (P′′, Y ′′) = W′′⋊(w′′G′′w′′−1, w′′X ′′), and the connected
center T′′ of G′′, which is the image of T, contains C the split centralQ-torus constructed in the product
case. The pre-image of C in T must contain a split Q-torus C′ which is mapped onto C. We do have
[Kmax
T,p : KT(w)p] ≥ [K
max
C′,p : KC′(w)p], but [KmaxC′,p : KC′(w)p] ≥ c′[KmaxC,p : KC(w)p] is not evident.
We have an exact sequence
1→ C′′ → C′ → C→ 1
with C′′ a finite Q-group of degree d (i.e. associated to a commutative Hopf Q-algebra of dimension d)
and we have the exactness of
1→ C′′(Qp)→ C
′(Qp)→ C(Qp)→ H
1(Gal(Q¯p/Qp),C
′′(Q¯p).
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Here the Galois cohomology H1(Qp,C′′) is of d-torsion, which implies that d-powers of elements in
Kmax
C,p = Z
×
p fall in the image of KmaxC′,p. Using the exponential map [19] II.5.5, we can find an open
subgroup U ′p in Up = 1 + 2pZp ⊂ Z×p with index [Up : U ′p] uniformly bounded independent of p.
However [Z×p : Up] = p − 1 for p ≥ 3, and using these arguments we can only arrive at an estimation
of the form [Kmax
T,p : KT(w)p] ≥
c
pordp(w,KW) for some absolute constant c, and this is not sufficient
for some results in the last section concerning bounded equidistribution. It is for this reason that we do
not proceed further for an estimation of torsion order in general.
(2) Some of the arguments in 5.11 and in 5.14 have appeared in [5] 4.2. GAO Ziyang has informed
us of his work [12], where he obtained similar results independently. His work concentrates on Galois
orbits of special points, and directly leads to the André-Oort conjecture without repeating the arguments
for special subvarieties, due to the powerful machinery of o-minimality. He has restricted to the case
that the pure part of the mixed Shimura varieties in question are given by subdata of Siegel type. Using
our arguments it is natural to expect similar results valid for general mixed Shimura data that are subdata
in some (G0,X0)× (L, YL) as in the corollary above.
6. SPECIAL SUBVARIETIES WITH BOUNDED TEST INVARIANTS
In this section we prove the equivalence between bounded sequences of special subvarieties and
sequences with bounded test invariants, where the notion of test invariants is introduced as a substitute
to the estimation of degrees of lower bounds for Galois orbits. We will also draw some conclusions
under the GRH for CM fields, when the following assumption is satisfied:
Assumption 6.1 (CM splitting fields). The ambient mixed Shimura variety MK(P, Y ) is defined by a
mixed Shimura datum (P, Y ) = W ⋊ (G,X) of some datum of the form (G0,X0) × (L, YL) where
G0 is semi-simple of adjoint type and (L, YL) = N⋊ (H,N) is a finite product of mixed Shimura data
of Siegel type (including Kuga ones). It is also required that (G,X) →֒ (G0,X0)× (H,XH).
When this assumption holds, for any irreducible (T, w)-special subdatum (P′, Y ′) of (P, Y ), the
splitting field FT of T is a CM field as we have seen in 5.7, and the André-Oort conjecture can be
reduced to this case.
We first recall the following criterion for the ergodic-Galois alternative in the pure case:
Theorem 6.2 (bounded Galois orbits, cf. [29] 3.10). Let S = MK(G,X) be a pure Shimura variety,
with E its reflex field, and (Sn) a sequence of special subvarieties, defined by (Gn,Xn). Write Tn for
the connected center of Gn, and D(T)n the absolute discriminant of its splitting field over Q. If there
exists some constant C > 0 such that
logD(Tn) ·
∏
p∈∆(Tn,K)
max{1, I(Tn,Kp)} ≤ C,∀n ∈ N
then there exists finitely many Q-tori {C1, · · · ,CN} in G such that each Sn is Ci-special for some i.
In particular, assume that 6.1 is satisfied, which means, in the pure case, that (G,X) is a subdatum
of a product (G0,X0)× (H,XH) with (H,XH) a product of finitely many pure Shimura data of Siegel
type, and assume the GRH for CM fields, if degpi∗LS Gal(Q¯/E) · Sn ≤ C,∀n for some constant C > 0,
LS being the automorphic line bundle on S, then the sequence (Sn) is bounded in the sense of 3.7.
The original statement was made assuming G being of adjoint type, and from 5.4 and 5.7 the modified
form above is immediate. Note that the arguments in [29] 3.13 - 3.21 do not rely on the GRH for
CM fields, and the GRH is not involved for sequences of pure special subvarieties with bounded test
invariants. It is used when we pass to Galois orbits of bounded degrees.
For a sequence of pure special subvarieties in a mixed Shimura variety we immediately get:
Corollary 6.3 (pure special subvarieties of bounded Galois orbits). Let M = MK(P, Y ) be a mixed
Shimura variety satisfying 6.1, which is defined over the reflex field E = E(P, Y ) as in 5.3 with LS
the automorphic line bundle on S, and let (Mn) be a sequence of pure special subvarieties, defined by
irreducible (Tn, wn)-special pure subdata (Pn, Yn) = Wn⋊ (wnGnw−1n , wnXn). If there exists some
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constant C > 0 such that
logD(Tn)
∏
p∈∆(Tn,KG(wn))
max{1, I(Tn,KG(wn)p)} ≤ C, ∀n ∈ N
then the sequence is B-bounded for some B in the sense of 3.7. The analytic closure of ⋃nMn is a finite
union of pure special subvarieties bounded by B.
In particular, under the GRH for CM fields, a sequence of pure special subvarieties (Mn) such that
degpi∗LS Gal(Q¯/E) ·Mn ≤ C, ∀n
for some constant C > 0 is bounded by some B, and the analytic closure of ⋃nMn is a finite union of
B-bounded pure special subvarieties.
Proof. Write π :M → S =MKG(G,X) for the natural projection. Then the images Sn = π(Mn) ⊂ S
is a sequence of pure special subvarieties, with Sn being Tn-special. It is clear that ∆(Tn,KG) ⊂
∆(Tn,KG(wn)), and thus
logD(Tn)
∏
p∈∆(Tn,KG)
max{1, I(Tn,KG)} ≤ C
which implies that the sequence (Sn) is bounded. In particular, we can choose the defining subdatum
for (Mn) to be (wnGnw−1n , wnXn) such that the connected centers of the Gn come from a fixed finite
set {Tα : α ∈ A} (A finite), and the absolute discriminants D(Tα) assume only finitely many values.
Therefore the sequence I(Tn,KG(wn)) is also bounded by some constant C ′, and ordp(wn,KW) ≤
C ′/c for p ∈ ∆(Tn,KG(wn)) where c is the constant in 5.16. We see that
• for p ∈ ∆(Tn,KG(wn)), ordp(w,KW) ≤ C1, withC1 some constant independent ofwn,Tn,K;
in particular, the union
⋃
n∆(Tn,KG(wn)) is finite;
• for p /∈ ∆(Tn,KG(wn)) and p not dividing N (the constant in 5.16(2)), we have w ∈ KW,p;
• for p /∈ ∆(T,KG(wn)) and p dividing N , we have wNn ∈ KW,p and ordp(wn,KW) ≤ pvp(N)
(vp is the p-adic valuation such that vp(p) = 1); more precisely we have N = 12 and for p = 2
or p = 3 we have ordp(wn,KW) ≤ 4.
Hence there are only finitely many choices for the classes of wn = (un, vn) modulo KW and we may
take wn’s from a fixed finite subset of W(Q), which means that the sequence (Mn) is bounded.
The claim on sequences whose Galois orbits are of bounded degrees is clear. 
Note that the conclusion of the corollary above is very restrictive: we have started with a sequence of
pure special subvarieties and ended up with finitely many pure special subvarieties. The finitely many
choices of the wn’s modulo KW have forced the sequence to lie in the union of finitely many maximal
pure special subvarieties of M .
In the mixed case, we propose the following substitute for the estimation of Galois orbits.
Definition 6.4 (test invariants). Let M =MK(P, Y ) be a mixed Shimura variety satisfying 6.1, defined
at some level K of fine product type with M+ a connected component of M given by Y + ⊂ Y .
For M ′ a special subvariety defined by a strictly irreducible (T, w)-special subdatum (P′, Y ′;Y ′+) =
W′ ⋊ (wG′w−1, wX ′;wX ′+), we define the test invariant of M ′ to be
τM (M
′) := logD(T) min
w′∈W′(Q)w
∏
p∈∆(T,KG(w′))
max{1, I(T,KG(w
′))}
where T is the connected center of G′, D(T) is the absolute discriminant of its splitting field. The
subdata W′⋊(w′G′w′−1, w′X ′;w′X ′+) define the same special subvariety M ′ by 2.8, and the minimum
over W′(Q)w is justified by 5.16.
The definition is independent of the choice of the subdata defining M ′, as one may verify using 3.8
Theorem 6.5 (special subvarieties of bounded test invariants). LetM =MK(P, Y ) be a mixed Shimura
variety satisfying 6.1, with K = KW ⋊ KG and reflex field E be as in 5.3, and fix M+ the com-
ponent of M given by Y + and Γ = P(Q)+ ∩ K . Let (Mn) be a sequence of special subvarieties
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in M+ defined by strictly irreducible (Tn, wn)-special connected subdata (Pn, Yn;Y +n ) = Wn ⋊
(wnGnw
−1
n , wnXn;wnX
+
n ) such that for some constant C > 0 we have
τM (Mn) ≤ C,∀n.
Then
(1) the sequence is B-bounded for some finite B.
(2) Assume further the GRH for CM fields. Then we can find a compact open subgroup K ′ ⊂ K of
fine product type K ′ = K ′
W
⋊K ′
G
such that for M ′+ the connected component corresponding to Y +
and P(Q)+ ∩K ′ in M ′ =MK ′(P, Y ) we have the estimation of Galois orbits
degpi∗LS′ Gal(Q¯/E) · S
′
n ≥ cNDN (Tn) min
w′∈Wn(Q)wn
∏
p∈∆(Tn,K ′G(w
′))
max{1, I(Tn,K
′
G(w
′)p)}
where
• K ′
G
(w) = {g ∈ K ′
G
: wgw−1g−1 ∈ K ′
W
};
• LS′ is the automorphic line bundle on S′ =MK ′
G
(G,X);
• S′n is any maximal pure special subvariety inM ′n the special subvariety defined by (Pn, Yn;Y +n )
in M ′+.
In other words, the test invariants are potentially the “correct” numerical bounds for Galois orbits in
the mixed case, as long as we restrict our attention to bounded sequences.
Proof. (1) Write π :M → S =MKG(G,X) for the natural projection, and Sn = π(Mn). Then similar
to 6.3, Sn is Tn-special, with bounded test invariants
logD(Tn)
∏
p∈∆(TnKG)
max{1, I(Tn,KG,p)} ≤ C.
Therefore (Sn) is bounded, and the sequence logD(Tn) only takes finitely many values. We may
replace wn by w′n ∈Wn(Q)wn which minimizes the following set of values
{
∏
p∈∆(Tn,KG(w))
max{1, I(Tn,KG(w)p)} : w ∈Wn(Q)wn}
without changing the special subvarieties. Then
∏
p∈∆(Tn,KG(w′n))
max{1, I(Tn,KG(w
′
n)p)} ≤ C
′, ∀n
for some constant C ′ > 0. We deduce that the classes of w′n modulo KW is finite, using 5.16. Since we
may always translate w′n by elements in ΓW = W(Q) ∩KW, we may take the w′n’s from a fixed finite
subset of W(Q), hence the claim.
(2) Let B be a finite bounding set for (Mn).
Write w = (u, v), then wKWw−1 = {(u′ + 2ψ(v, v′), v′) : u′ ∈ KU, v′ ∈ KV}. We may shrink
KV to a compact open subgroup K ′V such that 2ψ(v, v′) ∈ KU for all v′ ∈ K ′V. One may simply
take K ′
V
= NKV for some integer N > 0, and thus K ′V is itself stabilized by KG. Take K ′G :=⋂
(T,w)∈BKG(w), and take K ′W the subgroup of KW generated by KU and K ′V. Then K ′G stabilizes
K ′
W
, and we take K ′ = K ′
W
⋊K ′
G
.
Thus wK ′w−1 = K ′ when (T, w) ∈ B, and the Hecke translation by w−1 gives an automorphism of
M ′ = MK ′(P, Y ), sending the pure Shimura subvariety S′(w) = MwK ′
G
w(wGw
−1, wX) to S′(0) =
MK ′
G
(G,X), both of which are sections to the natural projection π : M ′ → S′ = MK ′
G
(G,X). Let
M1 be (T, w)-special subvariety in M ′+ is defined by a strictly irreducible subdatum (P′, Y ′;Y ′+) =
W′ ⋊ (wG′w−1, wX ′;wX ′+). Then S1(w) := M1 ∩ S′(w) is isomorphic to S1 := π(M1) using the
pure section, and we get the bijection between Gal(Q¯/E) ·S1, Gal(Q¯/E) ·S1(w), and Gal(Q¯/E) ·M1,
from which the estimation follows. 
Remark 6.6 (lower bound of Tsimerman). The factor cNDN (T) in 5.4 is as in [29], which comes
from a lower bound of the image of the reciprocity map of the form recT : Gal(Q¯/F ) → π◦(GFm) →
π◦(T)/K
max
T
with F the splitting field of the Q-torus T, proved in [30]. In [28] Tsimerman proved
a lower bound for a special point x in a Seigel modular variety in the form Cg(D(Zx))δg , where Zx
is the center of the endomorphism algebra of the CM abelian variety parameterized by x, and D(Zx)
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is the absolute discriminant of Zx, and it is polynomially equivalent to D(Tx)[KmaxTx : KTx ] with Tx
the Mumford-Tate group of x which is a Q-torus. The estimation is established unconditionally for CM
abelian varieties of dimension at most 6, and it holds in arbitrary dimension under the GRH for CM
fields. In our discussion we had preferred a uniform treatment for all Shimura varieties, including pure
Shimura varieties that do not admit finite coverings embedded in Siegel modular varieties. Hence we
have followed the formulation and the strategy in [29].
REFERENCES
[1] Y. André, Six lectures on Shimura varieties, subvarieties and CM points, lectures in Franco-Taiwan Arithmetic Festival
2001, cf. http://www.math.purdue.edu/jyu/notes.andre2001.ps
[2] W. Baily and A. Borel, Compactification of arithmetic quotients of bounded symmetric domains, Annals of Mathematics
84(2), 442-528, 1966
[3] A. Borel, Introduction aux groupes arithmetiques, Hermann, Paris, 1969
[4] A. Borel, Some metric properties of arithmetic quotients of symmetric spaces and an extension theorem, Journal of
Differential Geometry 6, 543-560, 1972
[5] K. Chen, Special subvarieties of mixed Shimura varieties, Ph.D thesis 2009, Université Paris-Sud XI, 2009
[6] K. Chen, On special subvarieties of Kuga varieties, Mathematische Zeitschrift 274, 821-839, 2013
[7] K. Chen, On the degree of special subvarieties in mixed Shimura varieties, in preparation
[8] L. Clozel and E. Ullmo, Équidistribution des sous-variétés spéciales, Annals of Mathematics 161(2), 1571-1588, 2005
[9] P. Deligne, Variété des de Shimura: interpretation modulaire, et techniques de construction de modèles canoniques, in
Proceedings of Symposia in Pure Mathematics Vol. 33, Part 2, pp.247-290, AMS, 1970
[10] B. Edixhoven and A.Yafaev, Subvarieties of Shimura varieties, Annals of Mathematics 157(2), 621-645, 2003
[11] A. Eskin, S. Mozes, and N. Shah, Non-divergence of translates of certain algebraic measures, Geometric and functional
analysis 7(1997), pp.48-80
[12] Z. Gao, Towards the André-Oort conjecture for mixed Shimura varieties: the Ax-Lindemann theorem and lower bounds
for Galois orbits of special points, preprint, arXiv:1310:1302
[13] P. Gille and T. Szamuely, Galois groups and fundamental groups, Cambridge studies in advanced mathematics Vol. 117,
Cambridge University Press 2009
[14] B. Klingler and A. Yafaev, On the André-Oort conjecture, Annals of Mathematics, Vol.180, Issue 3, pp.867-925, 2014
[15] R. L. Long, Introduction to number theory, Marcel Dekker, New York 1977
[16] J. Milne, Introduction to Shimura varieties, in Harmonic analysis, Shimura varieties, and trace formula, Clay Mathematics
Proceedings 4, 265-378, AMS(2005)
[17] B. Moonen, Linearity properties of Shimura varieties II, Compositio Mathematica 114(1), 3-35, 1998
[18] S. Mozes and N. Shah, On the space of ergodic invariant measures of unipotent flows, Ergodic theory and Dynamical
Systems 15(1), 149-159, 1995
[19] J. Neukirch, Algebraic number theory, Springer Verlag 1999
[20] F. Oort, Canonical liftings and dense sets of CM-points, in Arithmetic geometry (Cortona 1994), pp. 228-234, Symposia
Mathematica, Cambridge Univ. Press, Cambridge, 1997
[21] J. Pila, O-minimality and the André-Oort conjecture for Cn, Annals of Mathematics, (2), 173(3), 1779-1840, 2011
[22] R. Pink, Arithmetical compactification of mixed Shimura varieties, Bonner Mathematische Schriften vol. 209
[23] R. Pink, A combination of the conjectures of Mordell-Lang and André-Oort, in Geometric methods in algebra and number
theory, Progress in Mathematics, vol.253, pp.251-282, 2005
[24] V. Platonov and A. Rapinchuk, Algebraic groups and number theory, Pure and applied mathematics, 139, Academic Press
(1994)
[25] N. Ratazzi and E. Ullmo, Galois + Equidistribution = Manin-Mumford, in Arithmetic geometry, pp. 419-430, Clay
Mathematics Proceedings, vol. 8, AMS, 2009
[26] T. Scanlon, Local André-Oort conjecture for the universal abelian variety, Inventiones mathematicae, 163(1), 191 - 211,
2006
[27] T. Scanlon, A proof of the André-Oort conjecture via mathematical logic, after Pila, Wilkie, and Zannier, Séminaire
Bourbaki, Exposé 1037, 2011
[28] J. Tsimerman, Brauer-Siegel theorem for arithmetic tori and lower bounds for Galois orbits of special points, Journal of
American Mathematical Society(2012) 25, 1091-1117
[29] E. Ullmo and A. Yafaev, Galois orbits and equidistribution: towards the André-Oort conjecture, with an appendix by P.
Gille and L. Moret-Bailey, Annals of Mathematics, Vol.180, Issue 3, pp.823-865,2014
[30] A. Yafaev, A conjecture of Y. André, Duke Mathematics Journal 132(3), 393-407, 2006
[31] A. Yafaev, On a result of Moonen on the moduli space of principally polarized abelian varieties, Compositio Mathematica,
141(5), 1103-1108, 2005
[32] A. Yafaev, Galois orbits and equidistribution: Manin-Mumford and André-Oort, Journal de la théorie des nombres
Bordeaux, 21(2), 493-502, 2009
36
KEY LABORATORY OF WU WEN-TSUN MATHEMATICS, CHINESE ACADEMY OF SCIENCES, AND SCHOOL OF MATH-
EMATICAL SCIENCES, UNIVERSITY OF SCIENCE AND TECHNOLOGY OF CHINA, NO. 96 JINZHAI ROAD, HEFEI, ANHUI
PROVINCE, 230026, P. R. CHINA
E-mail address: kechen@ustc.edu.cn
37
